Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



/lPl9^ L^, 4IA 




A COURSE 



ov 



GEOMETBICAL DRAWING 



COVTAISIVO 



PRACTICAL GEOMETRY, 

IHCLVSXirO TBB V8X OV 

DRAWING INSTRUMENTS, 

THE C0N8TBUCII0N AND USE 07 8OAXX0, 

AVD 

ELEMENTARY DESCRIPTIVE GEOMETRY. 

BY 

W. S. BINNS, M.C.P. 



REVISED EDITION, 



LONDON: 
JOHN WEALE, 59, HIGH HOLBORN, W,C. 

186L 



f ^ ^ 



r. NAMW, nnfiMi, 9, tuM* okorsi 




PREFACE. 



In the Eeport for January, 1859, on the Military Ex- 
aminations, Captain Binney, referring to the deficiency in 
Geometrical Drawing exhibited by the majority of the 
candidates, assigns as one reason, *<the absence of ant^ 
English work treating of the subject of Geometrical Drawing 
generally in anything like a practical manner." An at- 
tempt has been made in the present rolume to Bupply, to 
some extent, the desideratimi here pointed out. 

While the subject of Plane Geometry enters into the 
course of study adopted by most of owe educational establish- 
ments, Descriptiye Geometry has hitherto not met with that 
attention which the importance of the subject demands. 
Apart from its practical application to the arts and sciences, 
Descriptiye Geometry ought to recommend itself to our con- 
sideration were it only as a means of mental culture. It will 
be conceded by those who are conversant with the subject, 
that, in this respect, its value is little, if any, inferior to that 
derived from the study of Plane Geometry. 

Such being the case, and considering its varied and exten- 
sive application, that it should not have been more generally 
recognized as a branch of elementary education, is remark* 
able. The explanation of such a state of things may, perhaps, 
be found in the barrenness of English scientific literature ul 
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works on this interesting and useful branch of study. While 
on the Continent much has been written on the subject, few 
publications haye appeared in England (and those chiefly 
translations) calculated to serve as text books for the general 
student. The consequence is that, while in the schools of 
other countries it is almost universally taught, in our own it 
is comparatively little known. 

In the following pages, the object of the Writer has been 
to furnish as much practical information on the subject of 
Geometrical Drawing generally, as the limits of the work 
would allow ; and he is not aware of the existence of any 
one English work in which the same amount of a similar 
character of information is to be found as is here given. 

It is intended to publish a sequel, embracing Orthographic 
and Isometric Projection, PerspectiTe, and the Projection 
of Shadows, as applied to the delineation of solids, the 
whole forming a general application of the principles in- 
culcated in the present volume. 

The following are some of the works which have been 
oonsulted : — ^The Woolwich Papers on Geometrical Draw- 
ing ; Monge's G^om^trie Descriptive, etc. ; Sonnet's Geo- 
mtoie Th^orique et Pratique, etc. ; Johnson's Translation 
of the Book of Industrial Design, by M. Armengaud, 
Ain6, and MM. Armengaud, Jeune, and Amouroux, etc. 



London, November, 1860. 
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DEFINITIONS. 

(1) A solid is a body which has length, breadth, and 
thickness. 

The elements of a solid are points, lines, and sur£Eu;es. 

(2) A point has position but no magnitude, e,ff,, the 
position of the intersection of two lines. 

(3) A line has length only. Lines are straight or curved^ 
as A and b. 

A. B 



(4) Surfaces are flat or plane, and curved. 

(5) Parallel lines are lines situated in the same plane and 
equally distant from each other throughout, e.y., the opposite 
edges of a book. 

(6) A horizontal line is leyel, as A. 

It takes its name from the horizon, to which it is parallel. 

(7) A vertical line is a line perpendicular to the horizon, as 



If a weight be suspended by a thread in a still atmosphere, 
the thread will represent a vertical line. 
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(8) Oblique or inclined lines are straiglit lines which are 
neither horizontal nor vertical, as 






(9) A plane rectilineal angle is the inclination of two 

straight lines to one another, 

meeting or cutting each other in 

a point, as 

c 

(10) " When a straight line standing on another straight 
line makes the adjacent angles equal to one another, each of 
the angles is called a right angle; and the straight line 
which stands on the other is called a perpendicular to it." 

The angles a b c, a b d, are right angles. 

Ohs, I. Because db is in the 
same straight line with b c, the 
angles a b c, a b d are called ad- 
jacent angles, while the angles d b c 
A B D, A B E are called contiguous angles, B e not being in 
the same straight line with d b. 

Ohs, 2. A perpendicular line need a 

not be a vertical line. The angles a b o, 
A B D are right angles, and a b is per- 
pendicular to D c, as in the preceding 
jQgure. 

(11) An acute angle is less than a right angle, as e b c 

in last figure but one. 

(12) An ohtuse angle is greater than a right angle, as e b d, 
Ohs, Ail angle is named by a letter at the apex as b. 

def. 9. 
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(13) A rectilineal figure is a plane figure contained by 
straight lines. 

When contained by three straight lines, the figure is called 
~a triangle. 






equilateral isosceles scalene 

(14) An equilateral triangle has three equal sides. 

(15) An isosceles triangle has two equal sides. 

(16) A scalene triangle has three unequal sides. 

(17) A rectilineal figure of four sides is called a 
quadrilateral, 

(18) When the opposite sides of a quadrilateral are 
parallel, it is called a parallelogram. The three following 
figures are parallelograms. 




square rectangle parallelogram 

(19) A square has all its sides equal, and all its angles 
right angles. 

(20) A rectangle has all its angles right angles, but all its 
sides are not equal. 

(21) A rhombus is a parallelogram having all its sides 
eqiud, but its angles are not right angles. 

(22) A rhomboid is a parallelogram having only its opposite 
sides equal, but its angles are not right angles. 
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(23) Kectilineal figures of more than four sides are called 
polygons. 

A regular polygon has all its sides and all its angles equal, 
otherwise it is termed irregular, A polygon takes its name* 
from the number of sides of which it is composed. 

A pentagon has five sides ; a hexagon, six ; a heptagon^^ 
seven ; an octagon, eight ; a nonagon, nine ; a decagon, ten J 
an undecagon, eleven ; and a dodecagon, twelve sides. 

(24) A circle is a plane f e g 
figure contained by one line 
called the circumference, 
every part of which is 
equally distant from a point 
within the circle, called the 
centre. 




(25) A line drawn through the centre o, and terminated 
both ways by the circumference, is called a diameter, as a b. 

(26) A line drawn from the centre to the circumference is 
called a radius, as o c, o d. 

(27) The space enclosed by two radii is called a sector, as 

CD 0. 

(28) An arc is any part of the circumference of a circle, 
as c E r. 

(29) The straight line joining the extremities of an arc is 
called a chord, as c d. 

(30) That part of a circle contained by a chord, and the 
arc it cuts off is called a segment, as c e d. 

That part of a circle contained by a diameter, and the 
part of the circumference it cuts off, is called a semi-circle^. 

as A E E. 
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(31) A quadrant is a sector of 90® whose radii are at 
Tight angles to each other, as o h b. 

(32) A line which touches a circle, or other curve, with- 
out cutting it, is caUed a tangent ^ as f g, touching the circle 
at E. 



DIBEOIIONS. 

In the study of Geometrical Drawing, the student must 
provide himself with a case of good instnunents (those made 
of white metal are the best), which comprises the following : — 

Compasses, One large pair having a moveable leg to 
insert a pencil or pen for drawing circles of long radii, and 
one small pair called dividers. 

Bow-pencil and Bow-pen for drawing circles of short radii. 

Drawing pens. Two ; one for fine, and one for thick lines. 

Protractor. This instrument is used for laying down 
angles ; it also contains several useful scales. 

A Sector. 

Marqtwis Scales, comprising two rules and a triangle. 

An explanation of the Protractor, Sector, and Marquois 
Scales, will be found in the problems in Practical Geometry. 

Facility in the use of the instruments can only be acquired 
by practice. The Student will do well in beginning to ink 
in, to draw a series of lines, first Jine and then gradually 
thicker, bearing in mind that a good line must be of the same 
thickness throughout. For inking in, always use Indian ink, 
'which must be rubbed until it is quite black. 
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GENERAL RULES. 



1. Avoid drawing unnecessary lines, to obviate subsequent 
erasure. 

2. Draw all lines from left to rights and avoid pressing- 
the pen against the edge of the triangle or other instrument, 
as it produces an uneven line. 

3. Draw all the lines in pencil before beginning to ink in. 
For common use, a hh pencil is the best; for finer work, use 
a HHH. The pencil should be cut evenly to a fine point, if 
not, bad lines and inaccuracy will be the result. 

4. In geometrical drawings dotted lines are employed as 
construction lines, and to show those parts of an object 
which are not seen in the view presented. They should be 
drawn of an equal length. An attention to this matter adds 
to the neatness and general appearance of the drawing. 

5. Before drawing a line, try the pen upon a piece of waste 
'paper. Practice will show the necessity for this. 

6. In using the compasses, bow-pen, or bow-pencil, press 
as lightly as possible to avoid puncturing the paper, 

7. When an ordinary drawing is to be made, it will be 
sufficient to secure the paper to the drawing board by pins ; 
but when 2i finished drawing is to be executed, the paper should 
be secured by gluing its edges to the board, first damping by 
means of a sponge, the whole surface of the paper. 

Ohs. As the solution of some of the problems in Practical- 
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Geometry requires a knowledge of decimal notation, we Bball 
giTe liere a specimen of a plain di^onal scale. 
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Suppose it is required to take off 2-4 inches. 

It will be obserred tbat the first incU fa h) is divided into 
10 equal parts, each of which will be -yV of an incb, or '1 ; 
two parts will be ^a of an incb, or -2, etc. Therefore, if we 
place one leg of tbe dividers at the point shown by the dot on 
the perpendicular drawn through 2, and tbe other leg at 4 in 
ai : tiie distance included between these two points will be 
2*4 inches. 

Let it be required to take off 2-46 inches. This is shown 
by tbe second dots. Place one 1^ of tbe dividers at the 
pcnnt where the horizontal drawn through 6, in a e, intersects 
the di^ional drawn through 4, in a S, and the other leg at 
tlie point where the same horizontal intersects tbe perpen- 
dicular drawn through 2. 

Let it be required to take off 1-79 inches. This is shown 
by the tliird dots. Place one leg of tbe dividers at the point 
wbere tbe horizontal drawn through 9, in a e, intersects the 
£ag(Hial drawn through 7, in a £, and the other leg at tho 
point where the same horizontal intersects tbe perpendicular 
drawn tiiroi^h 1. 

Nate. For llie conitmotiaa of & Diagonil Scale, lee c^irter am SoalM. 
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PROBLEMS. 



Note, In the figures on Practical Geometry, the student is requested 
to attend to the following: — Lines given are drawn tMnf construction lines, 
dotted, and resulting lines, thick. The position of a point is shown by a 
small circle of which it is the centre. 



Pboblem 1. 




At a given point in a straight line^ to make an angle equal to a 

given angle. 

Let A B c be the giyen angle, and d e the given line. 
Fig. 1. With centre b, and any 

convenient radius, describe 
an arc cutting A b, b c in a, 
5, and with centre d and 
same radius, describe an 
arc cutting d b in c. Set 
off upon this arc, c d equal 
io ab; join D d and produce it to p, then will the angle 
z D' F be equal to a b c. 

Let it be required to construct an angle equal to a given 
number of degrees, say 60°. 
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-Apply the lower edge of the protractor (see explanation of 
Fig. 2. protractor) to the given 

line A B, so that the 
centre mark be on a; 
then make a markagainst 
the upper edge at the 
line indicating 60°, and 
join this point to A. 

^B The line c a, thus 

found, win make with 
4A. B the required angle. If the given line were long enough, 
the angle may be constructed thus : — ^The protractor being 
applied as before, move it round, keeping the centre point 
upon A, until the line marked 60° coincides with a b. Draw 
c A along the edge, and the angle b a c is the angle required. 
The operation in both cases, is simply that of transferring 
the angle from the scale to the paper. 

To construct a scale of chords to set off angles, or to 
jneasure angles already laid down. 

Describe the quadrant A b c, and join AC; A c is a chord 
Fig- 3. of 90°. Divide the arc A c into 

nine equal parts, and transfer 
the points of division upon the 
chord A c, each of which will 
be a chord of 10°. Subdivide 
each of the divisions in a c into 
ten equal parts, and we shall 
have a scale of chords. Each of 
the subdivisions in a c will be 
one degree, and if the circle 
•were sufficiently large, these could again be subdivided for 
minutes. 
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To constmct the angle b a c (Fig. 2), by means of a scale 
of chords. The chord of 60° is equal to ladius (Euc. iv. 
prop. 15 Cor.) Therefore, with centre a and any radius, 
describe an arc, cutting a b in a, and set off from a, ab equal 
to A a. Join a b and produce it, and bag will be an angle 
erf 60°. 

Let it be required to draw a Hne from a, that shall make 
Fig. 4. with A B an angle of 40° 

(Fig. 4). Describe an are 
with a radius equal to chord 
of 60°, cutting A B in a, and 
from a, set off a 5 equal to 
40° taken from the scale of 
chords. Join A b and pro- 
duce it to c ; B A c is the 
angle required. 
To measure the angle b A c, describe from centre a, the 
arc a b with radius equal to chord of 60°, then take the 
distance a 5 in the compasses, apply it to the scale of chords,. 
and, placing one leg at zero the other will extend to the 
number indicating the degrees in the given angle. 

Pboblebc 2. 

To bisect a given rectilineal angle. 

Let B A c be the given angle^ 
"With centre A describe the arc a b^ 
cutting A B, A c in a, 5 ; and with 
centres a, 5, and radius A a, a bt 
describe arcs intersecting in c. Join 
A Cj and the angle b a c is bisected. 
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Fig. 6. 
c 



Pboblem 3. 
To bisect a §iven straight line. 

Let A B be the given line. From 
centred a, b, and with a conyenient 
radius, describe arcs intersecting in 
c, d. The line joining c d, bisects 
B A B in a. 



Pboblem 4. 
jit a given point in a given straight line to erect a perpendicular. 



Fig. 7. 
» c ^^- 



Let A B be the given 
line, and c the given 
point near the middle of 
A B. From c, set off 
equal distances c a, c b. 
With a, b, as centres, 
describe arcs intersecting 
in c, and join c c ; c o is 
perpendicular to A b. 
Second case. Let the given point c be near one end of the 



a 



^ 



B 



C 



Fig. 8. 
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line A B. Take any point 
a above a b, and with a 
as a centre, and radius 
a c, describe a circle 
cutting A B in 5. Join 
a b, and produce it to 
meet the circle in d. 
The line joining c? c, is 
perpendicular to a b 



^ 
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TTitrd case. To draw a perpendicular to a given line from 

a point without. Let 
c be the given point, and 
nearly opposite the mid- 
dle of ▲ B. From c as a 
centre and with a con- 
venient radius, describe 
y B an arc cutting ▲ b in a, 
^-'^^ " h. With a, 6 as centres, 

describe arcs intersect- 
ing in d. Join c, d^ and 
^<£^^ c c is the perpendicular 

required. 

Fourth Case, Let c be nearly opposite the end of a b. 






av. 






Fig. 10. 
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In ▲ B, take any point 
a, and join a c. Bisect 
A c in 6 (Prob. 3), and 
with centre h and radius 
h a ox h 0^ describe a 
semi-circle cutting a b 
- ^ inc. The line joining c c, 
is perpendicular to a b. 

Pbobleic 5. 

Through a given jpoint to draw a line parallel to a given 

straight line. 

Let A B be the given line, and c the given point. In a b,. 

^^S- 11- take any point a, and join a c. 

^ _ At c in a c, make the angle 

Vy^ o c D equal to c a b (Prob. 1), 

/\ 3 and produce d c to £ ; d E is 

parallel to a b. 
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Problems 4 and 5 can be solred practically by means of 
the Marquois scales, which we shall now proceed to describe. 



MARQUOIS SCALES. 




These Scales consist of two rectangular rules, and a right 

angled triangle. 
A B c D represents 
one of the rules ^ 
and ah c the tri- 
angle, whose hy- 
potenuse or longest 
side a c, is three 
times b c, its short-' 
est side. Near the centre of a c is an index, d. 

If the line marked 1 be given, and it were required to draw 
a number of lines parallel to it, we should proceed thus : — 
Make a b coincide with the given line, then apply the rule to 
the hypotenuse a c, and holding it firm with the left hand, 
move the triangle along the edge a b, and draw the lines, 2^ 
3, etc. 

If it were required to draw a line perpendicular to a given 
line from a point in or without the line, make the shortest side 
b c coincide with the given line, then apply the edge a b of 
the rule along b c, and holding the rule firm with the left 
hand, move the triangle imtil a 5 be sufficiently near the 
given point as to admit the pencil passing through it, when 
drawing the line. 

Now, besides being able to draw one line parallel to another 
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we can ako draw it at any required distance; and this is one 
property of the Marquois Scales which makes them so 
valuable to the military student. When a number of lines 
have to be drawn parallel to each other, as in the slopes of a 
work, much time is saved, and greater accuracy attained, by 
the use of the Scales, than by setting off the distances with 
the compasses. 

Let a b Cj Fig. 13, be the original position of the triangle. 

Apply the rule 
along the hy- 
potenuse a c, 
and, holding it 
as before di- 
rected, move 
the triangle to 
the position a' b' c\ draw a' d perpendicular to a b, and 
we have, by similar triangles, d b' d^a d a 

a' d : a' a : I c' b' I d a 
: : 1 : 3 
Now, while a has been moved from a to a\ it has also been 
moved in a direction perpendicular to a' b' a distance equal 
to d d; and, if a a' be considered to represent 15 yards, 
^ line a! b' has been drawn parallel to a &, at a distance from 
it, zi: a' c? — i of o' o zz 5 yards. 

This principle is embodied in the construction of the 
Marquois scales, each of which consists of two parts, an outer 
or artificial scale, and an inner or natural scale. The latter 
is the scale to which the drawing is made, and the number 
written below it, signifies the number of units, whether of 
yards or chains, etc., represented by one inch. Take for 
example the scale of 30 (the 30 being written under the 
natural scale and below the zero of the artificial scale), it 
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will be observed, that the primary dirisions are marked from 
left to right, and numbered 1, 2, 3, etc., the first being sub- 
divided into 10 parts. Taking the sub-divisions as single 
units of measure, three primary divisions will contain 30, 
and the scale will be called a scale of 30 units to one inch. 

The primary divisions upon the artificial scale are marked 
from zero both ways, and numbered 10, 20, 30, etc. The 
divisions on the artificial scale are three times those on the 
natural scale, thus giving the scales the same ratio that the 
longest side of the triangle has to the shortest side. 

Let it be required to draw a line parallel to a given line at 
a distance of 20 yards from it. • 

Apply the bevelled edge of the triangle to the given line ; 
then apply the rule to the longest side of the triangle, so 
that the zero on the artificial scale, is against the index of 
the triangle ; hold the rule firm with the left hand, and 
sliding the triangle, either to the right or left, until its 
index is against 20, draw the Hne. If, in drawing the line, 
we had used the scale of 30, then a line would have been 
drawn parallel to a given Hne at a distance of 20 yards from 
it, scale 30 yards to one inch. 

It may be as well to remark, that the sub-divisions in the 
first primary division, on the natural scale, may represent 
any number of imits. For example, taking each of the sub- 
divisions on the ficale of 30 as 10 units, each primary division 
win contain 100, and we shall thus have a scale of 300 to 
one inch. In this way, the scales may be varied to any 
extent. 

Since, in using the scales, we work from the artificial scale, 
any error which may be made in adjusting the instruments, 
-will only be one-third in the drawing. 
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Pboblem 5. 

To construct a rectilineal figure similar to a given rectilineal' 

figure^ but leas in area. 

Fig. 14. 




-.^^ 



B 




There are several ways of solving this problem, but we- 
shall confine ourselves to two, based upon Probs. 1 and 5. 

Let A B c D £ be the given figure, and a 5 a given line upon 
which to construct the required figure. 

Draw the diagonals ad, a c, b d, be; then irom a, b, 
which must be in the same straight line with or parallel to a b, 
with the Marquois scales, draw indefinite lines parallel Uy 
these, and, again, draw lines respectively parallel to a e, 
E D, D c, c B. The points of intersection of these lines, with 
those first drawn, determine the Fig. ab c de. 

Second Solution, Having drawn the diagonals of the given 
figure, take the line a b and make the angle cab equal to 
CAB by Prob. 1. Again, make the angle ab c equal to 
ABC, and we determine the side b c. By proceeding in the 
same manner, we determine the points d, e. 

Note. This problem has a practical application, in Orthographic Pro- 
jection, in making drawings of the same object to different scales; for- 
age <^ e is a copy of A B c D E on a reduced scale. 
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To divide a given straight line into any number of equal parts. 
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Fig. 15. 
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First, when an even num- 
ber of parts is required, say 
four. Let a b be the given 
line. Bisect a b in a (Prob. 
3). Again, bisect a a, a b, 
in i,c, and a b will be divided 
into four equal parts. 

The line may be divided 
into eight equal parts, or any 
multiple of four by repeated 
bisection. 



Second Case, Let it be required to divide a b into an 



Fig. 16. 




uneven number of parts, 
say five.^ From a, draw 
A c, making any conveni- 
ent angle with a b, and 
upon A c, set off any equal 
distances a 1, 1 2, etc. 
Join B 5, and through 
points 4, 3, 2, 1, draw 
lines parallel to b 5, cutting a b in a^h, c^ d; a b is divided 
into five equal parts in the points a, b, c, d. 

It is found convenient, in practice, to divide lines by trials, 
which we shall briefly notice. Let it be required, for example, 
to divide the line a b (Fig. 16) in this manner. Open the 
compasses to the apparent extent of i of the given line, and 

G 
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step it along a b. If it be found too great, or too little, 
regulate the compasses, and repeat the trial until the exact 
distance is obtained. 

If the number of parts into which the line is to be divided 
can be resolved into factors, we may proceed thus : — ^Taking 
9 as the number, first divide the line into three parts, and 
these again into three parts, and the whole line will be 
divided into nine parts. Taking 12 as the number, first 
bisect the whole line, then bisect each half, and lastly, sub- 
divide each fourth part into three parts. 

Obs, In thus dividing lines, care must be taken, when 
making a finished drawing, to avoid pimcturing the paper. 
Lines may also be divided by means of the Sector, which we 
shall here briefly describe. 



THE SECTOR. 

This instrument which derives its name from Eu. book in. 
def. 10. is of universal application. It consists of two equal 
rulers, called legs or limbs. These legs — ^representing two 
radii of a circle — are moveable about a joint, the centre of 
which is the centre of the circle. The sectoral lines proceed 
from this centre in pairs, one line upon each leg. Upon one 
fece are the line of lines marked l, lines of chords marked c, 
lines of secants marked s, and lines of polygons marked p o L. 
Upon the other &ce are lines of sines marked s, and lines of 
tangents marked t. 




4 
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^i{?- ^7. Let A B, A c, be two sectoral 

g .■••'"' Ulllli^c li^Gs. Set off upon a b any num- 
ber of equal parts 1, 2, 3, 4, 5, 6, 
and, from these points, draw lines 
X !-"--.".. "J-IZ^ parallel to b c, cutting a c in 

T 'jJ' • o, i,c, etc. 

|V---/a» 
A 

Now, the distances 1 a, 2 5, 3 c, etc., have, to each other, 
the same ratio as the numbers 1, 2, 3. For example, the 
distance 2 h has the same ratio to 5 «, as the number 2 has to 
the number 5, or f . 

If the equal divisions be continued to b, c, making 10 at 
these points, and if b c measure 1*1 inch ; then 1 a will be 
tV, 2 h will be A or i of a line I'l inch long. In this way, 
we can find any required part of a given line. 

These operations are performed by means of the sector, 
thus : — To find ^ of a line 4*4 inches long, apply the given 
line, i,e,j make it a transverse distance (as the lines 1 a, 2 b, 
etc.. Fig. 17) between the numbers 9 and 9 on the line of 
lines ; then the transverse distance between 4 and 4 will be 
the length required. In applying the given lind, and in 
taking off the required length, the innermost line must be 
used as it is the sectoral line, and, therefore, the only line 
of the three which goes to the centre. To divide a line 4*4 
inches into 9 equal parts, apply the line as before, then take 
off the transverse distance between 1 and 1, and step it 
along the given line 9 times. 

Owing to imperfections in the instrument, and to want of 
care in using it, little errors will occur in practice, whifih 
will require correction. 
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APPLICATION OF THE LINE OF LINES. 

1. To bisect a given line a b, 2*3 inches long. 

^^S' 18. Make the given 

— 1 line a trans- 

^ * ^ verse distance 

between 10 and 10, then take the transverse distance be- 
tween 5 and 5, and set it off from a to c; the line a b is 
bisected in c, 

2. To divide the line a b in the last example into eleven 
equal parts. 

Since the divisions on the line of lines only extend to 10, 
we jnust take a sub-multiple of the nimiber of parts into 
which the line is to be divided, and make the given line a 
transverse distance between the numbers corresponding to 
this sub-midtiple. Make, therefore, A b a transverse distance 

Fig. 19. 

\—{ — ! — hH — !— ^ — h— !-H— ^ — I 



B 



between 5*5 and 5'5, which is a sub-multiple of 11 ; then 
take the transverse distance between 5 and 5, and set it off 
from A to a. Take a b and step it along a b, and the line 
will be divided into eleven equal parts. 

In making a b, which is to contain eleven divisions, a 
transverse distance between 5'5 and 5'5, the numbers on the 
sector are supposed to be changed, thus, *5 becomes 1 ; 5 
becomes 10, and 10 becomes 20. In dividing a b into eleven 
equal parts, instead of taking the transverse distance between 
5 and 5 and setting it off from a to a, we might have taken 
the transverse distance between '5 and '5. The result, how- 
ever, will not be so accurate as in the former case, owing to 
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the indistinctness of tbe numbers near the centre of the 
sectoral lines. The student is, therefore, recommended to 

■ 

employ the method we have given. 

It will be observed that the divisions upon the line of 
lines agree with the decimal notation, each primary division 
being divided into 10 sub-divisions, and according to the value 
attached to each of these sub- divisions, so 10 may stand for 
100, 1000, etc., and, thus, a line may be divided into 50 or 
500 parts, as well as into 5 parts. 

3. To determine -^ of a line 3 inches long. 

As the denominator of the fraction exceeds 10, the dis- 
tance cannot be taken from the primary divisions, and we 
must, therefore, have recourse to the decimal notation. 
Multiply the niunerator and denominator of the fraction by 3. 
We thus get |-t. Take the given4ine a b in the compasses, 

Fig. 20. 

A 1 B 

c 

and make it a transverse distance between 8*1 and 81 ; then, 
the transverse distance between 2*7 and 2*7, set oW from a 
to c, will contain the number of parts required. The object, 
in multiplying by 3, is to bring the measurement near tbe 
end of the line, for the reason previoui^y given. 

The problem may be verified thus, A- = +; therefore, tijie 
number of parts required will measure i of a b. Now, a c 
is i of A B. 

Further explanation of the sector will be given when 
discussing those problems whose solutions can be effected by 
its^aid. 

Obs, The division of a line into any given number of parts 
jias a practical application in the construction of scales. 




THE PROTRACTOR. 

This inBtrument is used to lay down angles. It is some- 
times made of brass of a semi-circular form, and eometimes 
of iTory of a rectangular form, aB shown in the figure. 

If the oiroumference of a circle be divided into 360 equal 
parts, each part is called one degree (written 1°), and if from 
these pointa of division, lines be drawn to the centre of the 
circle, the opening or angle between any two coneecutiTe 
lines, wiU be 1°. Again, the angle between the lines in- 
cluding'15 divifiionB, will be an angle of 15°, and so on. In 
the figure, the semi-cirde is divided into 18 equal parts (eaoh 
part containing 10°), and is numbered from left to right, 
from zero to 180, and in the same manner from right to left. 
In the centre of the protractor there is a mark or index, o. 
The manner of using the instrument is this: — SnppoBe it 
were required from a given point in a line, a b, to draw a 
line mailing with it an angle of 20°. Make ab <a cd coin- 
cide with the given line, so that the index o be upon the 
given point, then make a mark on the paper at g, or the edge 
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of the protractor on the line passing through 20. The line, 
drawn from y to o, will make with ▲ b an angle of 20°. 

The construction of both instruments must be sufficiently 
evident, from the drawing, without further explanation. 

Fboblem 7. 

To describe a circle which shall pass through three given points 

not in the same straight line. 



Fig. 21. 




Let A, b, c, be the given points. Join a b, b c, and bisect 

them (Prob. 3). From a, the point 
of intersection of the bisecting 
lines, and with any of the given 
points as a radius, describe a cir- 
cle ; this circle will pass through 
the given points a, b, c. 



Fboblem 8. 
To describe a regular polygon on a given line. 

Let- a b be the given line, and let the required polygon be 

a pentagon. From Euc. i., 32, 
Cor. 1, "All the angles of any 
rectilineal figure, together with 
four right angles, are equal to 
twice as many right angles as the 
figure has sides." From this 
corollary, we can deduce a for- 
mula for finding the angle of any 
polygon. Let x equal the num- 
ber of degrees in the required angle, and y the number of 
sides of the given polygon. 
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Then ^^^ X 90 = « 



Substituting the Talue of y, in the case of a pentagon, 

^-^ Xi? = ar=6xl8 = 108^ 

The angle of a polygon may be also found thus : — Take 
the case of a hexagon. Divide 360°, the number of degrees 
in a circle, by 6, the number of sides of the given polygon ; 
the quotient is 60°, which gives the angle at the centre of 
the polygon. Subtract 60° from 180°, the number of degrees 
in a semi-circle, and we obtain 120°, the measure of the angle 
required. 

Take the case of a pentagon : — ^Angle of the figure = 180° 

A JAO = 108°. 

Construction. At the point B in A B, make the angle A b c 
equal 108°, and make b c equal to a b. Through the 
points a, b, c, describe a circle by the last problem. Take 
the distance a b or b c ii^ the compasses, and from a, c, set 
off the points b, e. Join c b, b £, £ a, and abode will be 
a pentagon. 

Second Case. The figure" may be constructed by means of 
the sector, thus : — Make a b a transverse distance between 5 
and 5 (between 6 and 6 for a hexagon, 7 and 7 for a hepta- 
gon, and so on), on the line of polygons marked f o i. ; then 
the transverse distance between 6 and 6 will give the radius 
of the circumscribing circle (Euc. iv., 15, Cor.) 

With this distance, and with a, b, as centres, describe 
arcs intersecting in a. With c^itre a, and radias a ;▲, 
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or a B, describe a circle, and step along b c, c d, etc., 
each equal to a b. 

To inscribe a polygon in a given circle, make the radius a 
transverse distance between 6 and 6; then the transverse 
distance between 5 and 5 will be the side of an inscribed 
pentagon. Take this distance and step it along the circum- 
ference of the circle 5 times. From Euclid's corollary, given 
above, an inscribed hexagon is obtained by stepping the 
radius along the circumference 6 times. 

The present problem, which has a practical application in 
the study of fortification in determining the figure upon 
which a fortress is supposed to be constructed, enables us, as 
in the first case, to describe polygons of any number of sides ; 
and, in the second case, any number of sides from 4 to 12, 
that being the highest number on the line of polygons. 



Pboblem 9. 

At a given point in the circumference of a circle, to draw a 

straight line a tangent to the circle. 



Let A B G be the given circle, 
and a the given point in the 
circumference. Join a to £, the 
centre of the circle, and, through 
a, draw £ d at right angles to a £ ; 
£ D is a tangent to the circle A b c 
at the point a. 
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Fig. 24. 



Second Case, To draw a straiglit 
line a tangent to a circle from a 
point without. Let a be the 
given point. Join a b, and upon 
it describe a semi-circle, cutting 
the given circle in c. Join a c, 
and produce it to c^ ; a d ia the 
tangent required. 



Fboblem 10. 
To find a third proportional to two given lines. 




Fig. 25. 

A 



B 



Let A, B, be the given lines. 
Draw D c, c E, making any 
angle. Make c f equal to a, 
and c o, c H, equal to b. Join 
F H, and, through G, draw o i 
parallel to f h. Then g c i, 
F c H, are similar triangles; 
and OF is to c H, as c o is to- 
c I, I.e., c I is the third pro- 
portional to A, B. 

Fboblem 11. 
To find a fourth proportional to three given lines. 




Fig. 26. 



B 




Let A, B, c, be the given 
lines. Draw b d, e f, as 
in the last problem. Make 
EG, E H, equal to a, b. Join 
G H. Again, make £ i equal 
to c, and draw 1 1. parallel 
to o u. Then e h is to e g, 
as E L is to EI, ».c., E s 
is the fouith proportional 
to a, b, c. 
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The two preceding problems can be solved by means of 
the sector, thus : — Make a (Fig. 26), a transverse distance 
between 5 and 5 on the line of lines ; then take b in the com- 
passes, and find between what divisions or sub- divisions it is 
a transverse distance. 

It will be found a transverse distance -between 4 and 4. 
Next make c a transverse distance between 5 and 5, and the 
transverse distance between 4 and 4 will be the fourth 
proportional required. 

To find a third proportional (Fig. 25). Take a third line 
equal to the second, and find a fourth proportional to the 
three, thus: — 1° Make a a transverse distance between 
5 and 5. 2° Md^e b a transverse distance as was done in 
the last case. 3° Make b also a transverse distance between 
5 and 5, and then the transverse distance 2° will be the third 
proportional required. 

In both problems, it wiU be observed that we have made 
the first line a transverse distance between 5 and 5. The 
same result may be obtained by using other numbers on the 
line of lines. The length of the given lines will determine 
which number should be selected. 

The following is another method for finding the fourth pro- 
portional to three given lines. 

^' Set off from the centre (on the line of lines) a lateral 
distance equal to the first term, and open the sector till the 
transverse distance at the division thus foimd, expressing the 
first term, is equal to the second term ; again, extend to a 
point whose lateral distance from the centre is equal to the 
third term, and the transverse distance at this point will be 
the fourth term required. 

'' K the legs of the sector will not open far enough to make 
the lateral distance of the second term, a transverse distance 
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at the division expressing the first term, take any aliquot 
part of the second term, which can oonveniendy be made 
-auch transverse distance, and the transverse distance at the 
third term will be the same aliquot part of the fourtji 
proportional required. 

*' A third proportional to two given lines is found by takii^ 
a third line equal to the second, and finding the fourth 
; proportional to the three lines." 

Fboblem 12. 

To find a mean proportional between two given lines. 

Let A, B, be the given lines. Make c d equal to the smm 

Fig. 27f of A and 19. On c d mt^ 

^ c » equal to a. Bisect c ,i) 

in F (Prob. 3), and with 
centre f and r^^dilA^ f q or 
H F D., desQiribe a 9eiai-ei]cole. 

From £, draw e bc, atrig^t 
angles to c d, and cutting 
the oincumference in s; 
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i £ H is a Wfiaw pi^^portional 

betrareen a and b, »\«.« a is 

'to B H, as £ H is to B, or numerically thus :— r^K a eqyual 9 and 

Bequal 4, then 1/9x4 = 6 = £ h, or 9 : 6 :: 6 : 4. Henoe 

the mean proportional between any two numbers is the 

■square root of their product. 

Pbobleiii 13. 

To divide a straight line into extreme and mean ratio ^ i.e., hvto 

two uneqtuil parts f so that the whole line sha^l have to the greater 

part the same ratio, that the greater part has to the iess. 
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Fig. 28. 



Let A B be the given line. From b, draw the perpendicular 

B G, equal to half a b, and join a c. 
With centre c, and radius c b, 
describe an arc, cutting a c in d ; 
and with centre a, and radius a d, 
describe an arc, cutting a b in e. 
The line a b is dirided in £ into 
extreme and mean ratio, i.e,y a b 
is to A E, as A E is to E b. 



N. 



•^•^ 



b 



Fboblebi 14. 



On a gwen straight line, to describe a segment of a circle which 
skaU contain an angle less than a right angle. 



Fig. 29. 




Let A B be the given straight line. 
Make bag equal to the given angle. 
Bisect A B in a (Prob. 3), and &om a, 
o, erect perpendiculars* to a g, A b, 
intersecting in b. From centre 5, and 
radius 5 a or 5 b, describe a circle ; the 
segment a b d wiU contain an angle 
equal to b a g. In the. segment a b d, 
take any point c, and join c a, c b; 
then the angle a c b is equal to b a g. 



Second Case, Let the given angle be greater than a right 
angle. 



• When a line is to be drawn perpendicular to a given line, tlie student 
is recommended, in all cases, to employ the Marquois scales and triangle. 



30 



PBACTICAL 




Fig. 30. Let A B be the given line. 

Make the angle bag equal to the 
given angle. Bisect a b in a, and 
from a, a, erect perpendiculars to 
A B, A c, intersecting in b. From 
centre h, and radius b x, or b b, 
describe a circle; the segment 
ABB will contain the given angle. 

If it were required to describe a segment of a circle to 
contain a right angle, we should bisect a b in a, and updn it 
describe a semi-circle ; then take any point in the circumfer- 
ence, and join it to A, b, and the angle contained by these 
two lines will be a right angle. 

Obs. This problem enables us to cut off from a circle a 
segment, which shall contain a given angle. 

Let A B D be the given circle (see Fig. 29). From any 
point A, in the circumference, draw a tangent to the circle as 
A c (Prob. 9). From A, draw a chord ab, making with a c 
an angle equal to the given angle ; a b d will be the segment 
required. 

Pboblem 15. 

To find the centre of a given circle. 

Let A B c be the given circle. 
Draw any chord a b, and bisect 
it by a perpendicular produced to 
meet the circumference in c, d. 
Bisect CD in £ ; £ is the centre 
of the circle. 
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Fig. 32. 
A 



1>^. 




D 



To find the centre of a circle by means of the Marquois 
scales and triangle only. 
With the bevelled edge of the triangle, draw a. d, touching 

the circle ; and parallel to it draw 
B c also touching the circle. In 
the same manner, draw b a, c d, 
cutting the former lines in a,b, c,d. 
Join the diagonals a c, b d ; their 
point of intersection e is the 
centre of the circle. The lines 
B A, A D, may be drawn in any 
direction whatever. We have only 
c to produce them till they meet, 

and draw b c, c d, respectively, parallel to them. 

It will be observed (see Prob. 9) that this construction is 
not strictly geometrical. 

Pbobleh 16. 
To divide a line proportionalii/ to a given divided line. 

Let A B and c d 
be the given lines, 
AB being divided 
into the imequal 
parts iLGy abjb Cy 

CB, 



Fig. 33. 

B C 



D 



»' '^ 



\i/ 



.'C 



* • . • ' 

% • 1 • * 

* • I # • 

% * • • / 



Parallel to a b, draw c' d' equal to c d. Join a c', b d', 
and produce them till they meet in b. Join each of the 
divisions in A b to e, and then will c' d' be divided in a\ b\ c 
proportionally to A B. 

The problem may also te solved thus: — Let a b (Fig. 16) 
represent the divided line. From a, draw a 5, making any 
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ang^ with a b, and equal in length to the undivided line. 
Join B to 5, and through the points in a b draw lines parallel 
ioiS; then will a 5 be divided proportionally to a b. 

Fboblem 17. 
From a given point to describe a circle which shall touch 

a given circle. 
Fig. 84. Let A b be the given circle and c the 

given point. Join o, the centre of the 
given circle, to c, cutting the circum- 
ference in h. From centre c, and radius 
c 5, describe a circle. This circle will 
touch the given circle at the point h. 




Second Case. Let d, the given point, be within the given 

circle. 

Join o, D, and produce it to meet the circumference in b. 
With centre d, and radius d b, describe a circle. 

FBOBI.EM 18. 

From a given pointy to describe a circle which shall touch a 

given straight line. 



Fig. 35. 




Let A B be the given straight 
line, and c the given point. From 
c, draw c a perpendicular to a b, 
Frob. 4. From centre c, and 
radius c o, describe a circle. This 
circle will touch the given line at 
the point a. 
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If it were required to draw a circle with a given radius 
touching a given straight line, at a given point, we should 
proceed thus : — Let a b be the given straight line (Fig. 35), 
and a the given point. From a, draw a c, perpendicular ta 
A B (Prob. 4), making a c equal to the given radius. With 
centre c, and radius c a, describe a circle. 



PbobIiEm 19. 

To describe a circle, with a j^iven raditM, tangential to two 
lines containing a given angle. 

Let A B, A c, be the two lines containing the angle b a c. 



and let d e be the given radius of the circle. Bisect the 
angle bag by a p (Prob. 2). The centre of the required 
circle will be in a p. In a b, take any point d. From d, 
draw d e perpendicular to a b, and equal to d e. From e, 
draw e f parallel to a b, cutting a f in /; / is the centre 
of the circle. From /, draw f g parallel to d e, and with 
centre /, and radius /y, describe a circle. This circle will 
be tangential to a b, a c, and have a radius/^, equal to d e. 

D 



34 PBACTICAL 




Pboblbm 20. 

Upon agiwn straight line^ to describe a triangle^theimffles 

€U ihe base being 40° and 5(f, 

Let A B be the given line. At 
the point ▲, make the angle bag 
equal 60® (Prob. 1). Again, at 
the point b, make the angle a b c 
equal 40®. The intersection ci, of 
the lines thus drawn, will give 
the triangle A b c required. 
Since the angles of a triangle are equal to two right angles 
or 180®, the triangle a b c may be constructed thus : — ^Make 
the angle bag equal 50®, and from b, let fall b g perpen- 
dicular to A c ; the angle a b g will contain 40®. The same 
result will be obtained by making the angle a b c equal 40®, 
and drawing from a, a g perpendicular to b c. 

Pboblem 2}. 

On a given straight Une^ to describe an isosceles triangle 
hating a given vertical angle. 

liCt A B be the given line. 
Prodnee a b to c, and make 
the angle cad equal to the 
given angle. Bisect ike 
angle b ad by A x (Prob. S). 
At B,Tttakel3ie angle ABi 
equal to l^e ang^ b*.x; 
and ASBwiUbeitirian^ 
whose vertical angle b, is equal to the ^ven ai^^le cad* 
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Pbobleic 22« 

To inscribe a circle in a triangle, 

Drf, A right-lined figure is inscribed in a cirole, or the circle circum- 
scribes the figure, when the angular points of the figure are in the 
circumference of the circle. 

Fig. 39. Let A X c be the given triangle. 

^ Bisect any two of its angles, as 

/..X A B Cy A c B, and from the point of 

/^ \. intersection a, of the bisecting 

/{ .'-"'•**•> J \ lines, draw a line, as a 5, perpen- 

« A'"' \k^l.^/" '*^ dicnlar to any of the sides of the 

^ triangle. From centre a, and 

radius a 5, describe a circle ; this circle will be inscribed in 

the triangle. 

Pboblem 23. 

Through the points of division of a given divided line^ to draw 
lines parallel to each other at a given distance apart. 

F|g. 40. Let A B be the given line, 

B divided into 5 equal parts in 

,Q '• the points 1,2, 3, etc., and a b 
^ the given distance at which the 
£3 parallel lines are to be drawn. 

With centre a, and radius 

" equal 5 times a b, describe a 

" circle. From b, draw b c a 

tangent to this circle (Prob. 9, 

Fig. 24). Through the points 4, 3, 2, etc., draw lines 

parallel to c b. 

Obs. K it were required to divide a straight line 5 inches 
iDi^into'S equal parts, and, through the points of division, 



^ 




^ 



36 



FBJLCTIOAL 



to draw parallel lines i-incli apart, we should make a b equal 
5 inches, and, having divided it into 8 equal parts, we should 
proceed as in the problem, i,e,, we should describe a circle 
with a radius of 8 times i-inch (4 inches), etc. 

Pboblem 24. 




To describe an ellijose. 

An ellipse, like the circle, is a plane figure contained by 
one line caUed the circumference. It has two diameters, 
called axes, and distinguished as the transverse and conjugate. 
There are various ways of describing it, but we shall confine 
ourselves to two, and the student can use either at pleasure. 
First Method. Let A b be the transverse, and c d the 

conjugate axis of 
the required el- 
lipse. Draw two 
lines P E, F G, 
making any angle. 
With centre f, and 
radius o c or o d, 
the semi- conj ugate 
axis, describe aa 
arc a h ; and with 
centre f, and ra- 
dius A or o B, the 
J. semi-transverse 
axis, describe an 
arc cd. Join c5, 
and from a, d, 
draw ae,df, parallel to it. From a, b, set off a a', b h' 




a 
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eqiial to p e ; and from c, !>, set off c <f , d dy equal to Yf. 
With centres a', h\ and radios of k^I/ b^ we describe a portion 
of the ellipse ; and with centres tfy <f , and radius c^ i>, <f c, we 
describe another portion. 

The parts of the circumference thus drawn, are shown by 
the continuous lines; the remaining parts can be readily 
sketched in, as shovm by the dotted lines, or the ellipse may 
be completed by the construction given in second method. 

The foregoing method will be foimd sufficiently accurate 
for all practical purposes, while it possesses the advantage of 
economizing time. 

Second Method. Let A B be the transverse, and c d the 
Fig. 42. conjugate axis of the 

ellipse, as in the last 
case. Take a slip of 
paper, and, on its straight 
edge, set off a h equal o b 
B half the transverse axis ; 
and a c equal o c half 
the conjugate axis. 
Apply the paper so that 
the point c fall on a b, 
the transverse axis, and 
5, on c D, the conjugate axis. By keeping the points c, 5, on 
A B, c D, and moving the paper round, we can mark at a any 
number of points through which the circumference of the 
ellipse must be described. 

The principle involved in this method, possesses the recom- 
mendation of being that which is embodied in the construc- 
tion of instruments used for describing ellipses. The student 
will find that the ellipse is a figure by no means ea«y to ink 
in neatly. Great assistance may be derived, however, from 
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French curves, which may be purchased at any Artist'a 
Colourman's. The operation is greatly facilitated by employ* 
ing the first method, as a considerable portion of the ellipse 
can be drawn by means of the bow-pen. 



Pbobleh 25. 

To determine hy geometrical construction^ lines which 
shall represent i/5, i/6J or VTi Vi- 



1°. In the right-angled triangle a b c,. 
let AB, B c, contain respectively, 1 and 
2 units. Then by Euc. i., 47, — (a b)' 
+ (b c)" = (a c)% or (a c)" = 1* -f 
2^ = 5; therefore, ac = t/5. 




From A, erect a perpendicular a d equal a b. Then (a d)* 
+ (a c)* = (c d)% or (d c)^ = 1 + 5 = 6 ; therefore, d c 
= |/X By a simQar construction, lines representing other 
quantities may be foimd. 

2°. Make a b equal to f of a given unit, and upon it 
Fig. 44. describe a semi-circle. From a, 

^ , ^ set off A c equal to the given unit, 

and from c, draw c i> perpen- 
dicular to AB, cutting the semi- 
circle in D. Then, by Prob. 12, 



A c B 



V/ACXCB = CD=v/lXi='V^i. 

From the above, it will be readily seen how to determine a 
line which shall represent Vh 
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TRANSFOBMATION OR REDUCTION OK PLANE 

FIGURES. 



Pboblem 26. 




B 



To make a rectangle equal to a given triangle. 



Let A B G be the given triangle. Bisect 
B in D, and through a, draw an indefinite 
straight line parallel to b c. From b, d» 
erect perpendiculars to b c, cutting the 
parallel, drawn from a, in e, f ; b d e f ia 
the rectangle required. For the reason o£ 
the construction here employed, see Eue. 
I., 41. 



D 



Pboblesc 27. 



To make an isosceles triangle equal to any other triangle. 



Fig. 46. 



E 




Let A B c be the given triangle. 
Draw an indefinite straight line A B 
parallel to b c. Bisect b c in d, and 
from D erect the perpendicular d s. 
Join B E, G E, and b c E will be the 
isosceles triangle required. (See Euc. 
I., 37.) 
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Pkoblkm 28. 

To muike a triangle equal to a gkea reetHimealfywre. 

I^t ▲ B c D B, the ghren figure, be aa irr^;ii]ar pentagon, 
fig. 47. Pn)d]ioe c d indefinitely 

both inm. Join a c, and 
draw B F parallel to it, 
meting c d prodnoed in 
F. Again, join a b, and 
draw s o, parallel to it, 
meeting c d prodnoed, in 
o. Join A F, A o. Then 
by Enc. t., 37, the tri- 
angle c b f is equal to the 
triangle a b f. Take away a b f which is ocnnnum to both 
triangles, and the triangle a b a will be equal to a F c. Sob- 
atitute the triangle a f c for a b a ; then a F i> s will be equal 
to A B c D E. The same reasoning applies to the triangles B bo, 
AEG; and, therefore, the triangle a f g is equal to a b c B b. 
Since the area of a triangle is equal to the product of the 
base multiplied by half its perpendicular height, (see Prob. 
26 and Euc. i., 41}, we can thus find the area of a rectilineal 
figure of any number of sides. 

Oht. I. This problem has a practical application, in 
fortification, in reducing the profile of a parapet to a triangle, 
by the area of which the dimensions of the ditch are 
regulated. 

Oht. 2. The area of a profile or any given rectilineal 
figure, can be found by reducing it to triangles and tiape- 
riums. See note cm the '' Calculation of the equality of 
Deblai and Remblai," page 215 of Captain Lendy^s work on 
Fortification. 
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Pboblek 29. 

To make a triangle equal in a/rea to a regular pentagon. 
Let A B c D E be the given pentagon. Produce b o both 




ways, and make g h equal to the sum of the sides of the 
pentagon, «.&., 5 times b g. Join g, h, to the centre p, and 
the triangle f g h will be equal to the given pentagon. 

By drawing lines from the angles of the polygon to the 
•centre, the figure will be divided into 5 identical triangles 
whose common altitude is f i. Therefore, since g h is equal 
to 5 times b c, and f i is the altitude of the required triangle, 
it is evident that the area of the triangle f g h is equal to 
i^he sum of the areas of the triangles of the figure. 

Pboblem 30. 

To make a rectangle equal to a given regular pentagon. 

Make g h (see last figure) equal to half the sum of the 
sides of the pentagon, and upon it construct a rectangle 
having an altitude equal to f i. The area of this rectangle 
will be equal to the area of the given polygon. 




42 psactioax 

Pboblem 31« 

To make a square equal to a given rectangle. 

Let A B c D be the giyen 
rectangle. Produce a b to 
E, making b e equal to b c. 
Find (Prob. 12) b p, the 
mean proportional betweea 
AB,BE. The square B F G H 
described upon b f, is equal 
to the given rectangle. 

Pboblem 32. 

To make a square equal to any part of a given square. 

Let A £ (see last Fig.) be the side of the giyen square, and 
let the area of the' required square be two-ninths of the 
square described upon a e. Upon a e, describe a semi- 
circle, and find, by means of the sector, b e equal two-ninths 
of A E. Draw b f perpendicular to a e, and join f e. The 
square described upon e f will be equal to two-ninths of the 
square described upon a e ; for b f being a mean proportional 
between a b, be, we have (assuming ae = 9). bf =^ 
V2'xl = Vli, and (f b)» + (b e)* = 14 -f 4 = 18 = 
(f e)*. Now, 18 = ^ of 81, the area of the square on a e. 

Pboblem 33. 

To make a square equal to the sum of two or more 

given squares. 

1. Make a b, b c, (see Fig. 43) equal to the sides of the 
two given squares. Join a c ; and the square on a c will be 
equal to the squares on a b, b c. 



2. llQiiiHifae SftsquaEer equal to the sfsm of three squares. 
Add two of them aabefore^ We thus get a c, the side of a 
square whose area is equal to the sum of two squares. Draw 
A D perpendicular to a c, and make it equal to the side of 
the thisd. square* Join d g ; then the square described on 
j> c willbeeq^uiLto the sum of the three given squares. 

Obs. By this problem a square may be made equal to the 
sum of any number of squares, or a square may be multi- 
piUed any number of times* 

Pkoblem 34. 

To make^a square equal to the difference of two given squares* 

Fig. 50. Let ah, c d, be the sides of the 

^ ——ft given squares. Take a b equal to 

Q..,.. ct ^ ^' From A, draw an indefinite 

straight line perpendicular to a b, 
and with b as a centre, and a & as a 
radius,, describe an arc cutting this 
line in c. Join b c ; then (c b)* — 
(a b)" = (a c)^, «.c., the square on 
A c is equal to the difference of the 
squares on a b, b c. 

A B 

Obs, By this problem a triangle 
can^be construc^d, when one angle and two of its sides are 
given. 

Psoblem 35. 

To draw a square equal to any given rectilineal figure. 

Reduce the given figure to a triangle (Prob. 28). Find 
a* mean proportional between half the base and the perpen- 
dicular of this triangle. This mean proportional will be the 
side of the required square. 
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We shall now show how the foregoing problems are 
employed to solve more complicated ones. 

Pboblem 36. 

(1) Describe a circle with a radius of '4^ of an inch, 

(2) Draw a tangent to the circle from a point '3 of an inch 
without it, 

(3) Join the given point and the point of contact of the 
tangent to the centre of the circle^ and construct a square equal 
in area to the triangle thus formed. 



(1) With centre 
Fig. 51. 



and '4 inch as a radius, describe a 
circle. This answers the first con- 
dition of the problem. 

(2) Let h be the given point; 
then, by Prob. 9, draw dh b. tangent 
to the circle, touching it at c. 

(3) Join ah, ac; and find ce 2k 
mean proportional between a c and 
half the perpendicular c b, of the 
triangle a be. The square described 
upon c eis equal to the triangle a be. 



Obs. 1°. The result will be the same in finding a mean 
proportional, whether we take half ac or cb. Thus, let a h 
= 5, cb, 4, and a c, 3. Then, in the first case, the mean 
proportional between a c and half c b = t/3 x t-=i/6. 
Again, the mean proportional between c b and half a c = 
v/4xf = v/ST 

2°. If the triangle were not right-angled we should have 
to find a mean proportional between the base and half the 
perpendicular let fall upon the base. 
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Pkoblem 37. 

(1) Make an angle of 40° and Used it 

(2) Describe a circle, with -4 inch radius, tangent to both 
lines containing th e angle, 

(3) Draw a second circle tangent to the first, and also to the 
lines containing the angle. 

Make the angle a b c 40° (Prob. 1) and bisect it by the 

Fig. 52. li^® B D (Prob. 2). 

Draw a b perpen- 
dicnlar to a b, and 
make it '4 inch 
long. For the re- 
maining part of 
the construction, 
see Prob. 19. 

To draw the se- 
cond circle; from 
e, where the first circle cuts b d, draw ef perpendicular to 
B D. With centre / and radius / e, describe an arc, cutting 
A B in ^ ; and, &om g, draw g h parallel to cd or a b, cutting 
B D in A. With centre h and radius h g, describe a circle. 
This circle will be tangent to a b, b c, and touch the first 
circle at e, 

EXAMPLES. 

Note. Those questions marked with an asterisk (*) are taken from the 

Reports on the Military Examinations. 

1. (a) Make an angle of 70° and bisect it. (5) Describe 
a circle, with 1 inch radius, tangent to both lines containing 
the angle, (c) Draw two other circles tangents to the first 
and also to the lines containing the angle. (Prob. 37*) 
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2.* Draw a Ime 3 u^es lon^ p ci i i emliftnl a r to a ^ven 
line 3 u^es loi^* from a point {- of an inch from cne end, 
lij geometrical oonstnictian. (Pkob. 4, Ome 2.) 

3. [a) Upcm a line 2i inches kmg, c ouatfii ct a xectilineal 
figure of seren sides, {b) Copy tke fixegoing on a scale of 
I the original, see Prob. 5, Fig. 14. Make a & f of ▲ b, and 
proceed as explained in the figure. 

4. Beduce (a) last ezam]^ to a trian g le of eqnsl area. 
CProb. 28.) 

5.* Construct an isosceles trian^ eqpal to the som of 
Ibnr sqnares <tf which the sides are i^, i, i, 1^ inches 
le^ectiYdy 'Probs. 33, 26}. Haying found a square equal 
to the som of the four squ a res hj Prob. 33, the isosceles 
triai^;le will haire a base twice the side of this square, whDe 
its akitnde will be equal to the side of the square. (See 
Euc. I. 41.) 

6. (a) Divide a line 4 inches long into 7 equal parts. (5) 
Cdnsidering iSbe divided Une as a scale of equal parts, 
eonstmct a triangle of which the sides are 5, 4,and 3 parti 
le^ectiTdy (see Prob. 34, Fig. 60). Make ab equal 8 
parts, and with a, b, as eenties and with radii equal to 4, 5 
parts respectivelj, describe ares intersecting in c. Jcun c a, 
c B, and ABC wiU be the trian^ required. 

7. Given an arc of a circle, to find the centre of the 
circle. (Prob. 7.) 

8. (a) Describe a circle with a radius of li ini^es, and 
in it draw a regular heptagon, (h) Make a lectang^ equal 
in area to the lieptagon. (Probs. 7, 8, and SO.) 

9. From a drde ef 2 indies radinSy eut off two segm ents 
wntsining ma^Les of 40^ and 100^ lespeetivefy. (Prob. li, 
Obs.) 

10. (a) Gdnstruct a triangle of which two of its aidas are 
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3 and 2'Q inches respectively, and one angle 50°, {b) 
Inscribe and circumscribe the triangle by a circle. (See Obs., 
Prob. 34, and Probs. 22 and 7.) 

11. (a) Construct a regular octagon with a side of 2*2 
inches, {b) Reduce the figure to a triangle. (Probs. 8, 29.) 

12.* Draw two tni^les wi^ radii of '92 and -64 inch 
touching each other externally, and about them circumscribe 
a triangle whose angles shall be 46°, 62°, and 72°. 

13. (a) Construct an isosceles triangle upon a base of 2 
inches, each of the angles at the base being 70°. (b) Make 
a rectangle equal in area to the triangle. ((?) Make a squaze 
equal to half the rectangle. (Probs. 20, 26, «nd 31.) 

14. (a) Make an isosceles triangle haying a vertical angle 
of 70°. (b) Make a triangle equal to the above having an 
angle equal to a given angle. 

(a) See Prob. 21. (5) Make the angle cba (see Prob. 
27, Fig. 46) equal to the given angle, and join c a. 

15.* Describe two circles with radii of 2 inches and 1 inch 
respectively, tangent to one another, and inscribe a nonagon 
in the first. (Probs. 17 and 8). 

16. Explain the use of the Une of lines on the Sector, and 
from a line 5^3 inches long cut off -fg- of the length. (See 
Exjdanation of Sector.) 

17.* (o) Conslxuct a triangle of which two sides are If 
and 2i inches long, and the included angle 58° ; circumscribe 
the triangle by a circle, {b) Join the eentre of the circle and 
the given angle of the triangle, and upon this line as a base, 
construct a regular Octagon, (c) Beduee the part of the 
octagon that Hes outside the original triangle, to a triangle of 
equal area. (Probs. 34, 8, and 28.) 

18. Construct a scale of chords and make an angle of 70^« 
(Prob. 1.) 
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19. (a) Divide a line 10 inches long in the proportion of 
the numbers 2, 2*5, 1*2, 2, 2*3. (£) Divide a line 4 inches 
long proportionally to the above. (Prob. 16.) 

20. Find a fourth proportional to 2, 2*5, 3*3 inches. 

21.* Divide a straight line 5'3 inches long into 8 equal 
parts, and through the points of division draw parallel 
straight lines ^-inch apart, making them alternately dotted 
and continuous. (Prob. 23.) 

22.* (a) Construct three squares, the areas of which are 
*81, 1*96, and 2*56 square inches, {b) Construct, geometri- 
cally, a fourth square, the area of which shall be equal to the 
sum of the areas of the other three. 



ON SCALES. 

In the study of Engineering, Architecture, etc., it is 
necessary that the Student should understand the construction 
and use of 'Scales. A drawing is said to be made to scale 
when its various parts bear a certain proportion to the parts 
of the object of which it is a representation. Let abode 
(Fig. 14, Prac. Geom.) be a drawing of an object of which 
AB measures actually 120 yards. Now, by applying ab to 
a scale of equal parts, it will be found to measure 1 A or 1*2 
inches, i.e., a length of 120 yards is represented by a line 1*2 
inches long; or, what is the same thing, a length of 100 
yards is represented by a line 1 inch long ; and the drawing 
is said to be made to a scale of 100 yards to 1 inch. 
To find the proportion of the drawing to the original object, 
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bring 100 yards to inches. Number of inches in 100 yards 
= 100 X 36 = 3600 inches. Therefore, every line, in the 
original object, is 3600 times the line which represents it 
in the drawing ; or, every line in the drawing is -oVoth part 
of the corresponding line of the object. 

Again, if a length of 60 feet be represented by 3 inches, 1 
inch will represent 20 feet, and every line in the drawing 
will be 2^-0 th of the corresponding line of the object. The 
fractions s-gVoj a-4or> are called the representative fractions of 
the scales. The representative fraction, then, shows the ratio 
of 1 inch to the number of units represented hy 1 inch, whether 
of feet, yards, miles, etc.; or in other words, it expresses the 
relation between the drawing and the original object. When 
the scale is constructed, the fraction should be written above 
it, or placed on the drawing when there is no scale. 

From what has been said, it is hoped that the student will 
clearly understand what is meant by the representative 
fraction, to find which, he has only to reduce the number of 
units represented by 1 inch to inches. He is recommended 
to make an attempt to answer the following questions, 
without referring to the book. 

(1) A drawing is made to the scale of 50 yards to 1 inch ; 
required the representative fraction, or the^relation between 
the drawing and the original object. 

Here, the number of inches in 50 yards = 50 x 36 = 
1800; therefore, the representative fraction is -rgVoj *-e.j 
every line in the drawing is TaVirth part of the corresponding 
line of the object. 

(2) A drawing is made to the scale of 1 mile to 1 inch ; 
required the representative fraction. 

Here, the number of inches in 1 mile = 1 X 1760 X 36 
= 63360 therefore, the representative fraction is -g-si-tfor- 

E 
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(3) A drawing is made to the scale of 8 leagues to 1 inch; 
required the representative fraction. 

Here, the number of inches in 3 leagues = 3 X 3 X 1760 
X 36 = 570,240; therefore, the representative fraction 

is -^To^irr^' 

EXAMPLES. 

1. Construct a scale to show 20 feet, when 1 inch 
represents 4 feet. Give the representative fraction. 

Here, 1 inch represents 4 feet ; therefore, to represent 20 
feet it will take 5 times 1 inch = 5 inches ; or, by proportion, 

thus: — 

4ft. : lin. : : 20ft. : x (the length required) = 5 inches. 

Draw three parallel lines 5 inches long at equal distances 
apart (about the same as in the drawing). Divide this length 
(5 inches) into 2 equal parts (Prob. 6, Prac. Geom.) and the 
left hand part or primary division into 10 equal sub- divisions. 
From the primary divisions on the lower line, draw perpen- 
diculars to the top line ; and from each sub- division, draw 
perpendiculars to the second line, except the centre one, 
which should be drawn half-way between the second line 
and the top line. (See Scale 1). Write (zero) at the first 
primary division, 10 at the end of the sub- divisions (shown 
at the left of the scale), and 10 at the primary division 
(shown at the right of the scale) ; 5 may also be written at 
the centre of the sub- divisions. The representative fraction 
•^ should be placed above the centre of the scale, and the 
imits of measure on the right. 

In inking in the scale, it will be observed that the top 
line is omitted, while the bottom line is drawn thick. Since 
No. 1 is, in every respect, a model of the scales which 
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follow, the student will see the importauce of thoroughly 
understanding it. It may be well to point out here, that in 
making a drawing to scale, the length of the scale should 
be such as to enable us to set off considerable distances. 

■ 

The number assumed (as 20 in the present scale) should be 
a number divisible by 10; and the quotient, resulting from 
the division of this number by 10, is the number of primary 
divisions into which the length of the scale should be divided 
(as 2 in the present scale). 

The manner of using the scale is as follows : — Suppose it 
were required to take off 15 feet. Place one leg of the 
compasses at 10 on the right of the scale, and the other leg 
at 5, one of the sub-divisions, and the space included between 
these two points will contain 15 feet. In the same manner 
any number of feet from 1 to 20 may be taken off. 

2. Construct a scale to show 70 yards, when 1 inch 
represents 9 yards. (No. 2.) 

9yds. : lin. : : TOyds. : « = 7*77 inches. 

That is, if it takes 1 inch to represent 9 yards, it will take 
7*77 inches to represent 70 yards. Therefore, make the 
scale 7*77 inches long, and divide it into 7 equal parts (the 
quotient of 70 -r 10). Divide the first primary division into 
10 sub -divisions, and complete the scale as before, «.e., by 
wi'iting 10, 20, 30, 40, 50, 60, to the right of the scale, etc. 
The representative fraction is t^. 

3. The distance between two places is 4 miles, and is 
represented on a plan by 1*5 inches; construct the scale to 
^ow furlongs, when 20 miles is the number assumed* 
(No. 3.) 

Here, we have — 

4 miles : l'5in. : : 20 miles ; a? = 7'5 inches. 
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That is to say, if it takes 1*5 inches to represent 4 miles, 
it will take 7*5 inches to represent 20 miles. Make the 
scale 7*5 inches long, divide it into 2 equal parts, and com- 
plete it as before. Divide the tenth sub-division (on the left 
hand) into 8 equal parts for furlongs ; for since each sub- 
division represents 1 mile, the eighth part of one of these 
will represent 1 furlong. 

The representative fraction of the scale is — 

7-5 ^ 1 

20X1760X36 168960 

4. Construct a scale of 10 miles to 1 inch, to measure 
spaces of 1000 yards. Assume 70 miles. (No. 4.) 

10 miles : lin. : : 70 miles : a? = 7 inches. 

Make the scale 7 inches long, and divide it into 7 equal 
parts. Each primary division represents 10 miles, which, 
divided by 1000, will give 17-2- parts. Therefore, divide the 
first primary division into this number of parts, and complete 
the scale as shown in the figure. All distances less than 
1000 yards must be taken by the judgment only. 

The distance between the dots shows 10 miles 1500 yards. 

5. Draw a scale of 1 mile to 1 inch, to show furlongs. 
(No. 5.) 

Make the scale the required length, suppose 5 inches. 
Divide it into 6 equal parts, and the first primary division- 
into 8 sub-divisions for furlongs. Write miles on the right, 
and furlongs on the left, as shown on the scale. (No. 5.) 

It wiU be observed that the first primary division in Scales 

4 and 5, is not divided into 10 equal parts as in the pre* 

ceding scales. Though, as a rule, the decimal notation. 

should be adopted, there are special cases where an exception 

must be made, as in the examples referred to. In fact, the 
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construction of scales is a subject which demands both 
judgment and ingenuity. Suppose it were required to con- 
struct a scale of 40 feet to 1 inch to measure single feet, and 
that 240 feet is to be the number shown. We should make 
the scale 6 inches long ; divide it into 6 equal parts, and 
the first primary division into 4 sub-divisions, to measure 
spaces of 10 feet. We should then sub-divide the first sub- 
division into 10 equal parts. In figuring the scale, we should 
write (zero) on the extreme left, and then the numbers 10, 
20, 30, 40, which will include one primary division. From 
this point, the numbers will be 80, 120, 160, 200, and 240. 



EXAMPLES. 

(a) Construct a scale of 1 foot to 1 inch to measure inches. 
Show 9 feet. 

(h) Draw a scale of 1 league to 1 inch to measure miles. 
Show 8 leagues. 

Since in the representative fraction is expressed the 
nimiber of inches represented by 1 inch, the scale may be 
constructed when this fraction is given. Suppose a scale of 
feet is required, the representative fraction being A- > as in 
No. 1. By proportion we have — 

48 : 1 :: 20x12 : a? = 5 inches, 

the length of the scale. That is to say, as 48 inches (the 
denominator of the fraction) is to 1 inch (the numerator), so 
is the number of inches in the number of units assumed to Xy 
the required length of the scale. 
Again, in No. 2 we have — 

324 : 1 : : 70 X 36 : a? = 7*77 inches, 

the length of the scale. 
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COMPARATIVE SCALES. 

One scale is said to be comparative to another when the 
distances measured by the one can be measured by tiie other. 
For example, if we haye a scale of miles to which a drawii^ 
is made, we can construct another scale by which the distanoes 
from place to place can be measured in furlongs. The scale 
of ^rlongs would then be comparatiye to the scale fA miles. 
In making one scale comparative to another, therefore, we 
must of necessity have two units of measure, as an inch and 
a foot, a foot and a yard, a mile and a chain, etc. Suppose 
it is required to make a scale of yards comparatiye to No. 1. 
By proportion we haye — 

4ft. : lin. : : 3ft. : x = f-inch. 
That is to say, if 1 inch represents 4 feet, it will take three 
fourths of an inch to represent 1 yard or 3 feet : and, there- 
fore, the number of inches to represent 60 feet (20 yards) 

3X20 

will be • ^ =15 inches ; because it will take 20 times the 

length of scale to represent 60 feet (20 yards) that it takes 
to represent 3 feet ; but it takes f - inch to represent 3 feet, 
therefore it will take 20 times f-inch = 15in., to represent 
60 feet. 

Make the scale 15 inches long, divide it into 2 primary 
divisions, and the first primary division into 10 sub-divisions 
to measure single yards. The scale is completed in every 
respect as before* 

The proportion may also be stated thus : — 

12 : 5 : : 36 : a? =*= 15 inches. 

That is to say, as 12, the number of inches in 1 foot, is to 
5 inches, the length of the scale, so is 36, the number of 
inches in 1 yard, to x^ the required length of the scale. 
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Again, thus : — 

20 : 5 :: 20x3 : a: = 15 inches. 

That is to say, as 20 feet is to 5 inches, the length of the 
scale, so is 20 yards brought to feet, to Xy the required length 
oi the scale. 

6. Draw a scale of kilometres comparative to No. 3. 
The kilometre = 109363 English yards. (Scale No. 6.) 
The number of miles represented in Scale No. 3 is 20 
miles. By proportion we have — 

20x1760 : 7*5 :: 20x1093*63 : a: = 466 inches. 

That is to say, as the number of yards in 20 miles is to 
7*5 inches, the length of the scale, so is the number of yards 
in 20 kilometres to x, the required length of the scale. 

Make the scale 4*66 inches long ; divide it into two equal 

parts, and the first primary division into 10 equal parts* 

Complete the scale as before, and write kilometres on the 

right. (See No. 6.) TBe representative fraction is — 

4-66 ^ 1 

20 X 1093*63 X^(> 1 68972 

7. In examining a French plan, I find only a scale of 
decimetres, 10 to 1 inch; supply a comparative scale of 
English feet, the decimetre being equal to '327 English foot. 
Show 20. 

Number of English feet in 10 decimetres *= -327 X 10 ^ 
8*27. Then, by proportion, we have — 

3-27ft. : lin. : : 20ft. : a? = 6-11 inches. 

That is to say, as the number of feet in 10 decimetres is 
to 1 inch, the length which represents it, so is 20 feet to 
{he required length of the scale. Therefore, make the scale 
0*11 inches long, divide it into 2 equal parts, and the first 
primary division into 10 equal parts. Complete the scale as 
before, and yniie/eet on the right. (See No* 7.) 
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Oba. It is not necessary that the comparatiTe scale should 
represent the same number of units as the original scale. 
If this were the case, the scale would frequently be inoon- 
yenicntly long. For example, if the number assumed in tiie 
last question had been 80 instead of 20, the scale would 
have been more than 24 inches long. Perhaps we shall be 
more clearly understood by giving the question (No. 7) in 
another form. Thus : — In examining a French plan, I find 
that 100 decimetres are represented on a scale 10 indies 
long ; supply a comparative scale of English feet, the deci- 
metre being equal to *327 English foot. 

Number of feet in 10 decimetres = -327 X 10 = 3-37 
feet. Therefore, as — 

3'27ft. : lin. :: 100ft. : a? = 30 58 inches ; 
or thus : — ^The number of feet in 100 decimetres = '327 X 
100 = 32-7 feet. Therefore, as— 

32- 7ft. : lOin. : : 100ft. : x = 30*58 inches. 

Now, 30*58 inches, the length of the scale, bears the same 
proportion to 100 feet, the number of units represented, as 
6*11 inches, the length of the scale (see No. 7), bears to 
20 feet, the number of units represented. The student, 
therefore, has only to bear in mind, that the niunber of units 
represented on the original scale need not necessarily be 
represented on the new scale. 

DIAGONAL SCALES. 

Diagonal Scales are used for taking off more minute distances than can 

be done by an ordinary scale. 

8. Draw a Diagonal scale of 7 feet to 1 inch to show 
inches. Assume 40. (No. 8.) 

7ft. : lin. : : 4Cft. : x = 5*71 inches. 
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Draw a line 5*71 inches long ; divide it into 4 equal parts, 
and the first primary division into 10 equal parts. Each 
of these sub-divisions will represent 1 foot, as in the pre- 
ceding scales. Parallel to the first line, draw 12 lines about 
the same distance apart as shown in the scale. Through the 
points of divisions 10, 0, 10, 20, 30, draw perpendiculars. 
(See Scale No. 8.) Number the points on the first primary 
division 2, 4, 6, 8, 10, and those on the perpendicular drawn 
through 10, on the extreme left of the scale, 2, 4, 6, 8, 10, 12. 
Join 12 to the ninth sub- division, and through the points 8, 
7, 6, 5, 4, 3, 2, 1, 0, draw parallels (diagonals). 

Below the line first taken, draw another line at a greater 
distance apart than the others; make it a thick line and 
write feet and inches on the extreme right and left of the 
scale. We hafve thus constructed a diagonal scale by which 
we can measure feet and inches. The distance between the 
dots on the upper line shows 11 feet, while the distance 
between the second dots (on the parallel drawn through 9) 
shows 10 feet 9 inches. Suppose it is required to take off 
15 feet 5 inches. Place one leg of the dividers at the point 
where the diagonal drawn through 5 intersects the parallel 
drawn through 5 ; and the other leg at the point where the 
same parallel intersects the perpendicular drawn through 10. 
The distance is shown by the dots on the parallel drawn 
through 5. The distance between the dots on the paralM 
drawn through 7 shows 24 feet 7 inches. 

Again, let it be required to construct a scale of 10 miles 
to 1 inch, showing furlongs diagonally. 

Take a line any convenient length, say 6 inches ; divide 
into 6 equal parts, and the first inch to the Uft into 10 equal 
parts. Since the inch represents 10 miles, each of the sub- 
divisions will represent 1 mile. Now, to show furlongs, we 
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waat the one-eighth part of one of these sub-divisions. 
Therefore, draw 8 lines parallel to the line first drawn, and 
about the same distance apart as shown in Scale No. 8. 
CcHnplete the scale as shown at No. 8. 

Let it be required to construct a scale of 1 furlong to 1^ 
inches, showing yards diagonaUy. 

Take a line any convenient length, say 6 inches long. 
Divide this line into 4 equal parts, each part of which will 
contain li inches and represent 1 furlong. Now, the num- 
ber of yards in 1 furlong = 220, which resolved into Actors, 
= 11 X 20. Therefore, divide the first division into 20 
sub-divisions, each of which wiU represent 11 yards (W-); 
and to measure single yards, we have merely to draw 11 lines 
parallel to the first line — completing the scale as before. 

It is hoped that the foregoing examples will render the 
principles, involved in the construction of a diagonal scale, 
sufficiently obvious without further explanation. 

EXAMPLES. 

Note* Those questions marked with an asterisk (*) are taken from the 

Reports on the Military Examinations. 

1. Construct a scale of 30 feet to 1 inch, to show single 
feet. 

2. Construct a scale of yards of tstj- Show 50 yards. 

3. The distance between two places is 10*6 miles, and 
measures on the scale 2 inches ; draw the scale. Show 30 
miles. 

4.* An Englishman wishing to examine a Spanish plan, 
finds only a scale of Spanish palms, 20 to 1 inch ; supply 
him with a corresponding scale of English feet, taking the 
palm as -684 English foot. Show 50 feet. 

5.* Make a diagonal scale of 10 feet to 11 inches, show- 



SCALES. 59 

ing inclies diagonally, and explain the principles of con- 
struction. 

6. Draw a diagonal scale of 10 miles to 1 inch, to show 
furlongs. Assume 70 miles. 

7. Draw a diagonal scale to show lOOOthn of 12 inches. 
Take a line 12 inches long, divide it into 10 equal parts, and 
sub-divide the first primary division into 10 equal parts. 
Then will each primary division be iV of 12 inches, and each 
sub-division iV of -j^ = rhf of 12 inches. Draw 10 lines 
parallel to the line first drawn, and complete the scale as 
shown at No. 8. The diagonals will show iV of rhr = tcmto- 

$• On a scale, 60 Hussian versts measure 7*5 inches; 
supply a comparative scale of English miles, taking the verst 
as 1167 yards. Show 40 miles. 

9.* Draw scales oi ri-^ to represent English feet, metres 
and Greek cubits, 1 metre being = 3*27 feet, and 1 Greek 
cubit = '45 metre. 

10.* Draw scales of y y »^o6 6 to show English miles and 
Hussian versts. Verst =*= 1166'68 yards. 

11.* The distance between London and Chatham is 30 
mileSi and measures on a map 18*3 inches; di*aw the scale 
of the map divided into miles and furlongs, and mark the 
representative firaction. 

12.* Draw scales of to~5 to measure Belgian and Chinese 
feet. 1 Belgian foot = -90466 English foot = * 86 16 Chinese 
foot. 

13. Draw a diagonal scale of 1 foot to 1 inch, to show 
eighths of an inch. 



Table ihofmng same of the principal Units of Linear Meamre in 

terms of English Measure. 
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PLACE 



Austria 






Belgium 

>» 
France 

>» 
f) 

>» 

Hanover 
Holland 

Naples 

Portugal 

Prussia 



ft 



» 
Rome 

Russia 



>» 



>» 



Saxony 



» 



Spain 



» 



»» 



/ 



Sweden 
>» 



UNIT 



FEET 



/ 



Zoll (12 Linien) 

Fuss or Schuh 

Elle 

Klafter (6 Fuss) 

Ruthe (10 Fuss) 

Meile .. .. 

Meile (Geographische) 

Fuss(llZoUe) 

Elle 

Verge .• •• 

Meile • •• 

iMilim^tre .. 
Centimetre • • • • 
Decimetre 
Metre 

^ I Kilometre 

l^Myriametre • • 
S /^Pouce (12 Lignes) .. 

SiJPied 

OS] Toise (6 Pieds) . . . . 

% V^rasse Marine (5 Pieds) 
Lieue de Poste (2,000 Toises) 
Lieue Marine (*05 Degr^).. 
Mille Marine (-333 lieue = 1 min.) 

Fuss 

Fuss 

Meile .. •• 

Palma . • • • 

Canna .. .. •• •• •• 

Pi6 

Palmo • . 

Fuss (Rhenish Foot) • • 

Elle 

Schritt.. .. 

Klafter or Faden (6 Fuss) . . 
Ruthe (12 Fuss) .. .. 

Meile 

Pi^de 

Archine .. .. •• •• 

Sachine •• 

Verst 

Fuss 

Meile 

Pulgado .. .. •• 

Palmo .. .. .. .. .. 

Pi6, (Castilian) (12 Pul) .. 

Vara(3Pi6s) 

Foot (10 inches) •• .. 

Alner 

Mile 



•0864 
1-08704 



•90466 



•0033 
•0327 
•3279 



•08864 
1-06571 



TARD8 



•9579 
•9288 

•86*28 

1-08266 
•7171 
1-0297 



•9665 



•9294 

-0761 
-6849 
-9132 

•974 
1-948 



i 



1 



•0288 

•34568 

•85289 

2-0741 

3-4568 

5863-3 

8100-8 

•30155 

•74845 

4-9255 

4860-833 
•0011 
•0109 
•1093 
1-0936 
1093-63 

10936-33 
•02955 
•35523 

213142 

1-77618 

4262-84 
6275-6 
2025-2 
-3193 
•8096 

640412 

•2876 

2-3008 

•8608 

-239 

•3432 

•7293 

•8234 

20594 

41188 

8272 

•3222 

•7777 

2-3832 

1166-6 

•8098 

9923-326 
•0254 
•2283 
•3044 
•9132 
•3246 
•6493 
11688 



MILES 






3-3312 
4-6026 



2-7641 

• • 

•62138 
6^2138 

• • 

• • 

8*4519 
11506 



3-6387 
4-7 






5*6382 
6-6412 
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ORTHOGRAPHIC PROJECTION. ; 

1. Orthographic Projection is that branch of geometrical 
drawing, which enables ns to represent objects on paper in 
such a manner that, from a drawing, the object^ themselves 
may be constructed. 

These representations are made upon planes usually con- 
ceived to be at right angles to each other. It is indispensably 
necessary, in the first place, that the student should have a 
clear conception of these planes, which we shall proceed at 
once to explain and illustrate. 

2. The planes of projection are distinguished as the hoi^i- 
zontal plane, and the vertical plane, and may be familiarly 
illustrated by the floor and walls of a room — ^the floor re- 
presenting a horizontal plane, and the walls so many vertical 
planes. 

3. The planes intersect each other in a line variously 
termed the intersecting line, the ground line, the base line^ 
and the line of level. As referred to the room, this line is 
that in which the floor and walls meet each other. 

4. If the reader will hold his box of instnmients in a 
horizontal position, so as to view, first, its length, and then 
its breadth, the views wiU be termed respectively, a side 
view, and an end view. Again, if we look at a building, so 
fts to see its ftx)nt, we have a side or front view ; and if we 
view it, 80 as to see the distance it projects from rear to 
front, we have an end view. 

To the foregoing representations, we apply the term, eleva" 
tion, and express which elevation by the terms, front, side, 
and end. 
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5. Now, let the reader place the box on the table, and 
look down at it. This yiew is called a plan. An elevation^ 
then, may be defined to be that representation of an object, 
which shows its altitude from a horizontal plane ; and a plan 
that representation of an object as it is seen on a horizontal 
plane when viewed &om above; or, as a familiar illustra- 
tion, we may say that a map of a country or town is a plan^ 
while the mountains or buildings it contains, when seen in 
relief, are termed elevations, 

6. These terms, plan and eleyation, derive their names 
from the planes of projection upon which the object is 
represented. 

The planes of projection, upon which objects are repre- 
sented, are, as has been explained, the horizontal plane, and 
the vertical plane — plan being referable to the horizontal, 
and elevation to the vertical plane. 

7. Let A B c be an end view of a sheet of paper folded so 
Fig. 1. as to form a right angle at b. Now, 

^ ABC may be considered as an end view 

of the planes of projection, a b being 

'' the vertical, and b c the horizontal 

plane. Let oa be a point in space 
whose projections upon a b, b c are 

1_P required. 

8. The projection of a point upon a plane is the foot of a 
perpendicular let fall from the point upon the given plane. 

From a, therefore, draw a a\ a a\ respectively perpen- 
dicular to A By B ; the points «', a'\ where these peipen- 
diculars meet the given planes, are the projections of a in 
space. 

9. The line which projects a point upon a plane, is called 
the projector of that point \ aa\ a a" are the projeetors of 

>int a. 
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10. When the projections of a point are given, the point 
itself may be determined, for it is the point of intersection 
of the projectors of the point. 

11. We shall now 
show how the pro- 
jections of a line upon 
the two planes of pro- 
jection are obtained. 

Let A B c D be the 
horizontal, and A s F b 
the vertical plane of pro- 
jection ; also let o F be 
the position of a line in 
space. 

The plan of p, or its 
projection upon the plane a b c d, is the foot of the perpen- 
dicular let fall from p upon the given plane (8). Let/? be 
its projection. The plan of o is the foot of the perpendicular 
let fall from o. Let o be its plan. Join op; op is the 
plan, or projection of o F upon the horizontal plane. 

Again, the projection of p upon the vertical plane, is the 
fDOt of the perpendicular drawn from the point to that plane. 

Lety be its projection. In the same manner we obtain 
o', the projection of o. Join o'p' ; o' p' is the elevation, or 
projection of the line o p upon the vertical plane. 

Obs, V. Having determined o, p, the projections of o, f 
upon the horizontal plime, the elevation o'p' is found thus : — 
Draw o a,p h at right angles to the plane a e f b, meeting 
the intersecling line, a b, ef the two planes, in a and 5. 
From a, d, draw lines parallel io oo,Tp; then, the inter- 
sections </,y, of these lines with the perpendiculars let fall 
from o, F, will be the projections sought. 
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Ohs, 2°. It will be readily seen how, from the eleyation 
o' p\ we obtain the plan op — ^the operation being the con- 
verse of that shown above. 

12. The plane which projects a line upon either plane of 
projection, is called the projecting plane of that line. 

The plane ot p o, passing through the line o p, projects 
that line upon the plane A b c d, while the plane op p' o' 
projects it upon the plane a e r b. 

It will be observed that, in each case, the projecting plane 
is perpendicular to the planes of projection. 

13. Since every solid is bounded by planes or surfaces, and 
surfaces by lines, and lines by points, if the projection of 
a point and a line, upon the two planes of projection be 
thoroughly understood, the projection of a solid will be 
readily comprehended. 

Fig- 3. 14. Let ahc d^ etc., be 

the position, in space of 
a regular solid ; and let 
ACBL, BiiEF be the 
planes of projection. 

The projection of the 
solid upon the two 
planes, is simply a re- 
petition of the preced- 
ing problems. The plan 
of c will be the foot of a 
perpendicular let fjali 
from c upon the plane 
B I. E p (8). We thus obtain e". In the same manner, we 
obtain h\ Jom h' d' ; h' d' is the plan of the line 6 c. la 
the same way, we find d d'\ the plan of a d. Join a' V and 
d' d ; and a! V d' d' is the plan, or projection of the givea 
>)idL upon the horizontal plane of projection. 
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The int^seotions of the perpendiculars from the points c, 
dj e,f, with the plane A c b l, will give the elevation, or pro- 
jection of the solid upon the vertical plane. 

The plane b b' c" c, passing through the line b c, projects 
that line upon b l e f. Again, the plane c d d' d, passing 
through the line c d, projects that line upon a c b l. 

15. The line b c, and all lines parallel to it, are parallel to 
the horizontal plane of projection ; and the line c/j and all 
lines parallel to it, are parallel to the vertical plane of pro- 
jection. Again, the line b c, and all lines parallel to it, are 
projected upon the horizontal plane of projection in lines 
equal and parallel to themselves; and the same remark 
ajyplies to the projections of the line c /, and to all lines 
parallel to it, upon the vertical plane of projection. 

16. The line of, and all lines parallel to it, are per- 
pendicular to the horizontal plane of projection, and are 
projected on that plane in points. Again, the line c b, and 
all lines parallel to it, are perpendicular to the vertical plane 
of projection, and are projected on that plane in points. 

17. From the foregoing we establish : — 

(a) That when a^ line is parallel to the horizontal and 
vertical plane, its projections are lines parallel to the base 
line B L, and equal in length to the original line. The pro- 
jections e' d, c" d', of the line c dy are parallel to b l, and 
equal in length to od. 

{b) That when a line is perpendicular to the plane of 
projection, its projection on that plane is a point. The lines 
cb, ef, respectively perpendicular to. the vertical and hori- 
zontal plane, are projected on those planes in the points d, cf, 

18. It was shown at Figs. 1 and 2, that when the pro- 
jections of a point are given, the ppint itself may be deter- 

F 
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mined, for it is the intersectioi) of the projectors of the 
point. (See a, Fig. 1 , and o, p, Fig. 2.) 

19. The solid, at Fig. 3, may also be determined from its 
projections on the two planes. The surface h cfg is the 
intersection of the projecting plane of ll c" with the pro- 
jecting plane of (f f . 

The remaining surfaces are the intersections of the 
projecting planes of the lines which are the projections of 
those surfaces. 

20. The delineation of the planes of proj ection, as shown 
at Figs. 2, 3, has been adopted to convey a clear idea of 
their relation to each other, and to show how projections are 
obtained. "We shall now show the method employed in 
practice. 

Since objects, whose surfaces lie in different planes, have 
to be represented upon a sheet of paper which is but one 
plane, the vertical plane must be supposed to revolve upon 
the line of intersection of the planes of projection, imtil it 
coincides with the horizontal plane. The vertical plane 
A B r B, Fig. 2, after revolving one fourth of a revolution, as 
shown by the arcs h b, g r, will assume the position A b g h, 
which is a continuation of the horizontal plane a b c D. 
Now, after the vertical plane a b p b has revolved as de- 
scribed, the vertical projection o', of the point o, will assume 
the position o" In the same manner, the vertical projection 
p\ of the point p, will assume the position p' ; and the line 
joining o" and pf will be the vertical projection of a line in 
space, whose horizontal projection is op. 

That o" pi should be the vertical projection of the given 
line, wiU, we hope, with a little explanation, be rendered 
sufficiently obvious. In the first place, each of the lines o a, 
a o\ is at right angles to A b, the intersection of the planes 
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of projection ; and after the vertical plane has revolved, a oft 
is at right angles to a b. The same observation applies to 
h p". Now, since a o", b p" are at right angles to a b, they 
are at right angles to the horizontal plane a b c d,* and they 
are, therefore, the projectors of o",p", upon that plane ; hence, 
op, o'l p'l, are the horizontal and vertical projections of a line 
p in space (8). Again, the vertical projections of o, jo, will 
be in o o", p p", drawn from o, p, at right angles to A b. 
Their position is thus determined: — The point o is the 
horizontal projection of a point o in space, which point is 
elevated above the horizontal plane, a distance equal to o o. 
Therefore, set off, from a in a b, the distance a o" equal to 
0. For the same reason, make 5 J9" •equal to p p, and join 
0" p" ; o"p" is the vertical projection of the line. 

21. Now, since a c d h is a representation of the planes 
of projection, and since this representation is made upon a 
surface which is but one plane, it is evident, from the fore- 
going explanation, that the planes will be determined by a 
line which is the separation of the planes, and previously 
termed the base line, etc., (3). The line a b. Fig. 2, deter- 
mines the planes a b c d, a b g h, independently of the other 
lines of the figure. 

22. In the following problems, we shall thus represent the 
planes, and the student has only to bear in mind, that one 
side of the line is the horizontal plane, and that all objects 
projected upon it are supposed to be viewed as we see objects 
upon the floor of a room, ue,, by looking down ; while the 
other side of the line is the vertical plane, and that all objects 
projected upon it are supposed to be viewed as we see 
pictures or other objects upon the walls of a room. 

• That is, a o", h p", will be at right angles to a b c d when a b a H is 
supposed to be erected or restored to its vertical position by revolyiog 
upon A B. 
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23. The base line may have any position whatever, with 
reference to the paper upon which the drawing is to be made ; 
but, for the present, we shall draw it parallel to the upper 
and lower edges of the paper, and designate it b l. 

It may be well to point out that b l, considered with 
reference to the vertical plane, is the horizontal plane; 
while, considered with reference to the horizontal plane, it is 
the plan of the vertical plane. 

Ohs, 1°. The base line must always be at right angles to 
the projectors. Projectors are sometimes termed visual rays, 
indicating the direction in which an object is viewed. 

Obs, 2°. In representing objects orthographically, the eye 
is supposed to be directly opposite to every point viewed, 
and the visual rays proceed from these points in parallel 
straight lines. Thus, in viewing the solid, at Fig. 3, the eye 
is supposed to be opposite to the points a, b, c, etc. It is 
this circumstance which constitutes the difference between 
Orthographic and Perspective Projection — the eye in Per- 
spective being fixed in position. More will be said on this 
subject when treating of Perspective generally. 

Pboblem 1. 

Given the elevation of a point to find its plan. 

Let a be the elevation of the given point. From a draw a 
.Fig* ■*• line perpendicular to b l. Now, 

the plan of a will be in this line 
(8). Let a' be its plan. The 
^ points a, a' are the elevation and 
plan of a point in space, whose 
height above the horizontal plane 
^' is equal to a w, and whose 

distance from the vertical plane is equal to a' a"^ just as o\ o, 
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Fig. 2, are the elevation and plan of a point, v^hose height 
above the horizontal plane is a o\ and whose distance from 
the vertical plane is a o ; or, as o'', o, are the elevation and 
plan of the same point. 

Pboblem 2. 

^ven the elevation of a line at right angles to the vertical 

plane, to draw its plan. 

Since the line is at right angles to the vertical plane, it 
Fig. 5. -^ill be projected on that plane 

(L in a point, just as the line h c\b 

projected on a c b l in the point 

B d? ^ d (see Fig^^, and also (i), 17). 

Therefore let a be its elevation. 

The plan of the line is fomid 
by letting ML a perpendicular 
from a, and making d a*' equal in 
length to the given line. 

Ohs, 1°. The line a' a" is parallel to the horizontal plane, 
and is projected on that plane in length equal to the original 
line (15). 

Obs, 2°. The line a a", viewed in the direction of its length, 
will be seen as the point a in the vertical plane; and a, 
viewed from above, i,e,, at right angles to b l, will be seen as 
a' a". Thus, a' a" and a are the plan and elevation of a line 
at right angles to the vertical plane, and parallel to, and 
situated above, the horizontal plane at a distance equal 
to a a", 

Obs, 3°. The line meets the vertical plane in a" (see 28). 

J 
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Pboblem 3. 

Given the elevation of a line parallel to the two planes of 

projection f to find its plan. 

Since the line is parallel to 
the two planes, its projectioiis^ 
will be parallel to b i. {faj^ll). 

B TTTT, It;? ^ Therefore, let a 5 be its 

elevation. 

Its plan c^ h' \b parallel to 
B L, and equal in length to- 
the original line {faj^ 17). 
The lines a h, a' h* are the projections of a line in space, 
elevated above the horizontal plane a distance equal to a a" 
or h bf\ and removed from the vertical plane a distance equal 
to a' a" or V h". (See the projections c' rf , c" d", Fig. 3, of 
the line c d,) 
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Pboblem 4. 



Given the elevation of a line parallel to the horizontal plane^ 
hut inclined to the vertical plane of projection^ to find its plan. 

As in the last problem, the elevation will be parallel to b l. 



Fig. 7. 




Let a 5 be its elevation. The 
plan a' }/ shows that the line 
meets the vertical plane in a, 
(28), and that it is inclined to 
that plane at an angle h' a' h". 
The plan a' h' is the real length 
of the line. 
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Pbobleic 5. 

Given the elevation of a line inclined to both planes of 

projection^ to find its plan. 

Let a 5 be the elevation* 

Taking a\ b\ as the respective distances of points a, b^ 
Fig. 8. jfrom the vertical plane, the 

line joining these points 
will be the plan of a d. 
It will be observed that 
^ neither the plan nor eleva- 
tion expresses the real 
length of the line, nor its 
inclination to the planes of 
projection. 

The construction for determining these, will be given in a 
subsequent problem. 

(a) If a b, were the elevation of a line parallel to the ver- 
tical plane, either a! dov g b' would be its plan, just as o! off 
or 1/ b" expresses the distance of points a and b from the 
vertical plane. That is to say, assuming a 5 to be parallel to 
the vertical plane, its plan will be parallel to b Ii. This must 
be evident, for since every point in the line is the same 
distance &om the vertical plane, every point in the plan must 
be the 'same distance from b Ii, which may be considered as 
the plan of the vertical plane (23). Hence, if a line is 
parallel to the vertical plane, whatever its inclination may 
be to the ground line, it will be projected upon the horizontal 
plane in a line parallel to b ii, the ground line. 
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Pboblem 6. 



Given the end elevation of a rectangular surface parallel to the 

horizontal jplanCf to find its plan. 



Fig. 9, 



a.- 
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Let a 5 be its elevation. The 
points a, h represent lines per- 
pendicular to the vertical plane, 
and the projections of these will 
be found as in Prob. 2. 

Make d a"^ h' b" equal in length 
to the given surface, and join c^h', 
a" h" ; a' h* h" a" is the plan re- 
quired. 



24. The edge view of a circular sur&ce will be a line equal 
, in length to the diameter of the circle. 

Taking a d as the edge view of a circular surfetce situated 



Fig. 10. 




as in tbe last example, let it 
be required to draw its plan. 

The centre of the drde will 
be represented at c, and the 
required plan will be fdund by 
taking any point c' in the pro- 
jector from 0, and with this 
point as a centre, and caoxch 
AS a radius describing a circle. 
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Pboblsk 7. 

Grwen the end elevation of a rectcmgular suvfctee perpendieulair 
to the vertical plane, but inclined to the horizontal plane, to find 

itspkm. 



Fig. 11. 



B 




The plan will be obtained as 
in Prob. 6. 

The line a h and the line 
beyond it {a' b" in plan) being 
parallel to the vertical plane 
will be parallel to b l. (See 
(a), Prob. 5.) 



25. The projection of a point -from the horizontal to tiie 
'vertical plane, is the converse of Prob. *1. The vertical pro- 
jection of 0^, Fig. 4, will be in the perpendicular drawn from 
a^y and its position will be found by making ai' a equal to the 
supposed height or elevation of die point above the horizontal 

plane. 

Pboblem 8. 

Griven the plan of a line to find its elevation. 

Let a d be the plan of the given line. Draw a €^,h h\ 

at right angles to b l, mak- 



Fig. 12. 




ing a' a", V b" equal to the 
supposed height of a, b 
above the horizontal plane, 
and join a' b' ; a' b' is. the 
elevation required. 

It will be observed, as 
in Prob. 5, that the line is 



inclined to both planes of .projection. 
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Pboblbh 9. 



Oiven tkepkmo/a triangrdar surface^ to find its elevation. 



Fig. 13. 



B 




Let ahohQ the plan of the giyen surfiEUse. The elevation 

\b 1/ €^ <fy determined by find- 
ing the elevations of points a, 
5, c, and shows that the sur&ce 
is parallel to the horizontal 
plane. 

Again, let a 5 c be the plan, 
and of' b" c" the elevation. It 
will be observed, in this case, 
that the triangle is inclined to 
the horizontal plane, a being 
elevated above 5, c. It is also inclined to the vertical plane ; 
and neither the plan nor elevation gives the real length of 
the lines a 5, a o. The construction for determining this 
will be given in a subsequent problem. 

26. In the preceding problems, the student has been made 
familiar with the projection of lines and surfaces, perpen- 
dicular, parallel, and inclined to, the planes of projection. 
This combination may be said to embrace the whole theory of 
Orthographic Projection. In the succeeding problems in 
Descriptive Geometry, he will only find a modification and 
extension of the principles already enunciated. 

Before commencing the study of these problems, he is 
recommended to put to himself such questions as the 
following : — 

1. Under what circumstances does the projection of a line 
become a point? ( fhj, 17.) 

2. Under what circumstances is the projection of a line 
equal to the original line, toid imder what circumstances is 
it less ? ( faj, 17, and Prob. 5.) 
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3. If the projection of a line is parallel to the base line 
B ii, what is its relation to the other plane of projection ? 
If the projection of a line is parallel to b x, it will also be 
parallel to the other plane of projection. The line ad, 
^%* 7, parallel to b l, is parallel to the horizontal plane. 
Again, the line a' b\ !Fig. 11, parallel to b l, is also parallel 
to the vertical plane. (See also faj, Prob. 5.) 

4. K both the projections of a line are parallel to b l, 
what is the relation of the line to the planes of projection ? 
(Prob. 3.) 



DESCRIPTIVE GEOMETRY. 

27. The intersections of a plane with the planes of pro- 
jection, are called the traces of the plane. 

Note. In Military Drawings trace is another term for plan, 

28. The intersections of a line with the planes of pro- 
jection, are called the traces of the line {Obs. 3^ Prob. 2, 
and a. Fig. 7). 

29. The traces are termed verHcaly or horizontal^ as they 

are referred to the vertical or horizontal plane. 

30. When the traces of a plane are given the plane itself 
is given. 

31. When the projections of a line are given, its traces 
may be found ; and, vice versa^ when the traces are given its 
projections may be foimd. 

32. The angle between two planes is the angle contained 
by two straight lines, one drawn in each plane, from the 
same point of their common intersection, and at right angles 
to it. 
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83. The angle between two planes is called the dihedrd 
angle, and the profile angle. 

34. The angle between a straight line and a ]dane, is tiis 
angle contained by the straight line and^ts pcojeetiw upoa 
the plane. 

Pboblem 10. » 

Given the traces of a line to Jind its^prqf^^tions. 

Let a, 5 * be the traces of the given line, t.0.,'let a, ft, be 
Fig. 14. the points where a line in 

space meets the planes of 
projection. 

B — ^-=^ ,^ U L The line joining a and h 

will be the line in space. 
First, to find its horizontal 
^- projection. 'Draw b 1/ at right 

angles to b !•, and join aJ/i ah* \a the projection upon the 
horizontal plane of the line in space. 

To find the yertical projection, draw a c;^ at right angles to 
B L, and join a' b ; c^ b is the projection upon the yertical 
plane of the line in space. 

Neither the plan nor elevation expresses the real length of 
the line. To find this will form, the subject of the next 
problem. 

* In Descriptive Oeometiy, points in space are usually indicated by 
capital letters a, b, c, etc., and. their projections by small letters a, b, c, etc. 
It is necessary to preserve a cons istent notation. Thus, if a is the projection 
of a point upon one of the two planes, its projection upon the other plane 
should be a', «.e., the same letter accented. In som^ weeks on the subject, 
the accented letters are confined to the vertical jdane. In the following 
oonstruciions, we shall represent points and lines /r«< taken by the letters 
a, b, c, etc,, whether they are in the horizontal or vertical plane, while the 
projections of these will be indicated by a', b\ c\ etc. 
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Note. The converse operation of this problem, viz., to determine the 
traces of a Jine when its projections are'given, would be performed thus r 
—Let a' h, a V be the given prorjecticms. From h\ where the horizontal 
projection meets b l, draw V b at right angles to b l, meeting a' binb ; 
b is the vertical trace of the line. Again, from a', where the vertical 
projection meets e l, draw a' a, meeting a J' in a ; a is the horizontal 
tcace of the line.* 

The vertical trace b shows that V is .elevated above the horizontal 
plane a distance equal to b V ; while a, the horizontal trace, shows that 
a' is removed from the vertical plane a distance equal to a' a. 

Pboblebc 11. 

Given the projections of a line to find flj, its lengthy (2 J the 
angles which it makes with the planes of projection. 

Let a h, a' 1/ be the projections of the given line. 

^%- 1^- Now, if a vertical 

plane be conceived to 
pass through a' h\ this 
plane will have a' h' 
for its horizontal, and 
V h for its vertical 
trace. Conceive this 
plane to revolve upon 
ciT" a' b' until it coincides 

with the horizontal plane. That the student may understand 
what is meant by the plane revolving upon a' h\ let him place 
his triatigle with the bevelled edge on a' h\ and, keeping 
this edge in contact with the surface of the paper, turn the 
triangle down until it becomes horizontal. It will thus assume 

• In determining the traces of a line of which neither the horizontal 
nor vertical projection meets b l, produce the projections until they do 
meet it, and then proceed as explained. 
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the position of the triangle c^ If c. To construct this triangle, 
draw h' c at right angles to of h\ and make it equal to h h\ 
(for h y expresses the height of V above the horizontal plane 
of projection), and join a" c. The hypotenuse a'c is the real 
length of the line. 

The line d c may be considered as the elevation of of h\ 
when viewed at right angles to the plane, passing through it 
at right angles to the horizontal plane, Le.^ in the direction 
of the line ch\ 

The construction may also be made in the vertical plane, 
thus : — ^Make If d equal to of h\ and join h d; h d i& the real 
length of the line. The triangle h dlf represents the ver- 
tical plane conceived to pass through a' h\ after it has been 
made to coincide with the vertical plane of projection, by 
being moved through the arc a' d. 

Secondly, to find the angles which the given line makes 
with the planes of projection. The angle made with the 
horizontal plane \a c a' If or h dl> (34). The angle made 
with the vertical plane \& a h g which is found thus: — 
From a, draw a ^ at right angles to a 5, and equal to ac^. 
Join h g. 

35. To find the real length of a line whose projections are 
given, we have this practical rule : — ^Upon the given hori- 
zontal projection construct a right-angled triangle of which 
the height or perpendicular is equal to the difference of the 
altitudes of the extremities of the line above the plane of 
projection. 

As referred to the vertical plane, we should make the 
vertical projection of the line the base of a right-angled 
triangle of which the perpendicular is equal to the difference 
of the distances of the extremities of the line from the 
vertical plane of projection. 
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36. V. When a plane is parallel to either plane of pro- 
jection, its trace upon the other plane will be a line parallel 
to the ground line (b i,). 

Fig. 16. 



B 



The line a 5 is the trace of a plane parallel to the vertical 
plane, while cdiB the trace of a plane parallel to the horizontal 
plane. In each case the plane will be at right angles to the 
plane of projection upon which it is represented. The plane 
ah IB perpendicular to the horizontal plane ; while c d is 
perpendicular to the vertical plane. 

2°. If a plane is perpendicular to either plane of pro- 
jection, its trace upon the other plane will be a line per- 
pendicular to B L. 

Fig. 17. 
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If a 5 is a plane perpendicular to the horizontal plane, its 
vertical trace o'^ b will be perpendicular to b l. Again, if 
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c c^ is a plane perpendicular to the vertical plane, its ho- 
rizontal trace d d will be perpendicular to b l. In this case, 
the angle c d-L expresses the inclination of the' plane. 

3°. K a plane is parallel to b i., the intersection of the 

planes of projection, it may 
have two traces ah^ d h\ 
each parallel to b li. The 
given plane is inclined to 
the horizontal plane at 
an angle e c d, which is 
found by drawing x y at 
right angles to b l, and 
making d c equal to d y,. 
and joining e c. The angle 
dec expresses the in- 
-^ I clination of the giv^i plane. 

to the vertical plane. 

« 

4°. The traces of a plane may have any position with 
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Fig. 18. 

1> 


B 


^^\ 




$ 

9 
/ 
/ 


ai 


!J 



Fig. 19. 
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reference to b li, as a 5, • 
a h\ In this case the . 
angles which the traces 
make with b !•, do not 
express the inclination 
of the plane to the 
planes of projection. To 
find this inclination, see 
Prob. 13. 



Note. It will be observed that, in Fig. 19, the traces of the plane meet 
in a point on b l, as in No. 2, Fig. 17 ; but since, in Fig. 17, the hori- 
xontal trace tt d is perpendicular to b L, the vertical trace d c expresses 
the relation of the plane to both planes of projection. 
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Pboblem 12. 

Given the traces of two planes, to find the projections of their 

common intersection. 



Fig. 20. 




Let ah, a c, 
be the hori- 
zontal traces of 
the two planes, 
meeting in a; 
and dbydc, the 
vertical traces, 
meeting in d. 



Then, since a, d, are common to the two planes, the line 
joining these points will be the line in which the planes 
intersect ; and the projections of this line will fulfil the con* 
ditions of the problem. 

Now, since a, d, are the traces of a line in space, its 
projections wiU be found by Prob. 10. Therefore, draw d d' 
at right angles to b l, and join a d' ; a d ia the horizontal 
projection. Again, draw a c£^ at right angles to b l, and 
join d d; a' dis the vertical projection. 



Fig. 21. 




Obs. V. If the hori- 
zontal traces a b, a c 
(Fig. 21), are parallel, 
the horizontal projection 
of their common inter- 
section rf'/will be par- 
allel to a by a c; and its 
vertical projection, ^ d 
will be parallel to b l. 

6 
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Ohs. 2°. If both the horizontal and vertical traces of the 
planes are parallel, the projections of their common intersec- 
tion will be found thus : — 

Fig. 22. Let a 5, a c, be the 

vertical, and a^y^ddj 
the horizontal traces 
of planes. 

The planes are situ- 
X. ated with regard to 
the plaiies of projec- 
tion, as was explained 
at 3^ Pig. 18. Find, 
therefore, the inclina- 
tions of the planes, 
as shown at Fig. 18 ; and through the point «, in which the 
planes intersect each other, draw / g parallel 1» b x. The 
line/^ is the vertical projection of the intersection of the 
planes. 

To find the horizontal projection, draw e % at right angles 
to B L ; transfer % upon x y, drawn at right angles to the 
traces of the planes, by describing an arc with centre h and 
radius h i ; and through the point where this arc cuts x y* 
drsiwf / parallel to b l. 

It will be observed, that x y represents a third plane, its 
traces being y h^h x. This plane is perpendicular to the 
planes of projection, as was explained at 2°, No. 1. Fig. 17. 
This third plane intersects the given planes, and the con- 
struction shown in the vertical plane, for finding the 
intersection e, is a view of fiie planes when seen in the 
direction of the traces of b\ d tf. In other words, the 
construction in the vertical plane is that which would result, 
if we suppose the planes to revolve upon A, as a centre, until 
they coincide with the vertical plane of projection. 
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Pboblem 13. 

Given the traces of a plane, to find the angles which it makes 

toith the planes of projection. 

Let ab^ac, be the 
traces of the given 
planes. Draw any 
line, d e, at right 
angles to the hori« 
zontal trace ab ; 
and draw e ^ at 
right angles to b l, 
meeting the ver- 
tical trace a c in ej 
Then, since a c intersects the vertical plane (27), the point 
c' will be the vertical^trace of a line in space whose hori- 
zontal projection la d e. 

Find, by Prob. 11, the angle which rf « makes with the 
horizontal plane. This angle is effe or g d e. Now, d eis 
the projection o£ d g ; and since the line and its projection 
are drawn from the same point d, which is common to the 
horizontal plane and the given plane, it follows (32), that 
the angle g d eiB the angle which the plane makes with the 
horizontal plane of projection. 

The angle which the given plane makes with the vertical 
plane of projection, ia hm e, which is foimd by drawing m e 
at right angles ix> a c, and constructing the right-angled 
triangle A m «, as was done with the triangle ab g. Fig. 15, 
i.e., by drawing e A at right angles ix> e tn, and making it 
equal ix> e s. 
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37. When the traces of a line are situated in the traces of 
a plane, the line is said to /tif in the plane. The line, joining 
dj ^, lies in the plane whose traces are ahy a e; and when 
one projectum, bb de^ia given, the other projection may be 
found. 

38. The inclination of a line or plane may be expressed by 
means of indices. 

Thus, if a 5 is the plan of a line, and o (zero) were written 
^'^S' 24. ^ at a, and 1 inch at b^ it would 

signify that b is elevated 1 inch 
above a ; and taking a as the 
point at which the line a 
meets the horizontal plane, 
then b is elevated above that 
plane a distance of 1 inch. 

At 5, draw b V at right angles to a 5, make it 1 inch, and 
join a b'. The angle b' ab expresses the inclination of the 
given line to the horizontal plane of projection. 

When a drawing is so numbered it is said to be figured. 
This manner of representing heights is of great use, as it 
enables the draughtsman to make a section or elevation of an 
object without seeing it. 

When the elevation of a system of points is required, as in 
Military Engineering, some above and some below the 
horizontal plane or the ground, it is necessary to use positive 
and negative indices, the positive expressing the elevation 
of points above the ground upon which a work is constructed ; 
while the negative express distances below the ground. It 
is usual, however, to dispense with negative quantities, 
positive being used to express elevations from below the 
ground. Thus^ in military drawings, positive indices are 
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employed to express the depths of the ditcheg, as weU as the 
relief* of the various parte of a work. 

39. If a number of equi-distant horizontal linee be drawn 
in a plane parallel to its horizontal trace, the plane is said to 
be contoured, and the lines bo drawn are called coniowa or 
horitontalt. 

Let ab,ae. Fig. 25, be the traces of a plane at right angles 
^8- 26. to the vertical plane of 

projection, as explained 
at r. No. 2, Fig. 17. 
If a nomber c^ eqni- 
L distant lines, d ^,f^, 
A 1* be drawn in the 
plane parallel to a £, its 
horizontal trace, these 
lines are termed contours 
. I v ri or h^rwontalt. 

In Fig. 25, the lines d ^,f^, h i, s i', repres^t contours at 
equal verljcal interralB i3i,xy,y o,or ; and unce they are 
drawn upon a plane having' a constant inclination, they are 
equally distant in plan. This is not always the case, and it 
is only by clearly understanding the principles of ccmtouring, 
that objects, represented by their contours, can be recognized. 
Thus, the plan of the cone (Fig. 61) represented by con- 
tours, would be distinguished from the plan ctf a sphere (the 
plan of each being represented by a circle) by the concentric 
circles in the first case being at equal distances apart, while 
in the second case, they are at the greatest distance apart 
near the centre, the distance being gradoally less as they 
approach the circumference. The concentric circles in each 

■ The heiKbt to which work* u« raiud, ii called theii relief. 
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case represent the plans of a number of horizontal sections, 
taken, as has been explained, at equal vertical distances apart* 
Again, in representing a hill or an irregular sur&ce by means 
of contours, the contour lines become nearer to, or &rther 
from, each other, as the hill or sur&ce has a greater or less 
inclination or steepness. 

It is hoped that the following extract will giye the student 
a clear conception of what is meant by contouring : — 

"Procure a stone somewhat resembling a hill, as may 
frequently be found, and a box that will just hold it, with a 
small space around : bed it in clay placed in the bottom of 
the box, through which there should be a small hole and 
plug ; fill the box with water stained with Indian ink, and 
let it off by means of the plug, about a quarter of an inch in 
depth at several times, allowing sufficient intervals for the 
fluid to stain the stone in that plane it has fallen to at the 
last abstraction. These stains will present a series of hori- 
zontal lines all over the surface of the stone ; and if we then 
examine the stone thus prepared, looking down upon the top, 
we shall see that the steepness and flexure of ils sides will 
be accurately marked with a proportional number of hori- 
zontal lines at such variable distances as wiU very properly 
express it ; thus, in fact, we obtain a sort of scale of the 
relative steepness." * 

Since an irregular surface can only be represented by light 
and shade, or by the plan of its contours, the latter method is 
employed by the Engineer in the operations of Topography. 

40. It was observed (37) that a line lies in a plane, when 
the traces of the line are situated in the traces of the plane. 
A line is also said to Zeis in a plane, when the indices of any 



* Mr. Burr's Instructions in Practical Surveying and Topographical 

Flan Drawing. 



GSOMSTBY. 87 

points in the line are the same as those of the horizontals of 
the plane passing through those points. 

The line m n, Fig. 25, lies in the given plane if the indices 
of 9n, n, are the same as the horizontals ^ d, %' A, passing 
through those points. That is to say, if the points fn, n^ are 
elevated above the horizontal plane of projection, a distance 
equal to e? e, A », the line lies in the plane, and not otherwise. 

Ohs, If a plane is given by its contours, its inclination 
may be found by drawing b l at right angles to its horizontals 
(contours), and making upon it an elevation of the plane. 

Suppose the plane, Fig. 25, were given by its horizontals 
if dy t^ A, etc. ; draw b l at right angles to the horizontals, 
and make A t and d e (drawn at right angles to b l) equal 
to the height above the horizontal plane of projection expressed 
by the indices of these horizontals ; *then the line drawn 
through the points », e to a will give the angle c a s, which is 
the inclination of the plane. 

41. At Prob. 11, Fig. 15, are given the constructions for 
finding the real length of a line whose projections are given. 
This is much facilitated by means of indices. The con- 
struction employed at Fig. 24 for finding the inclination of 
the given line a b, shows also the real length of the line 
which is a h\ To find the length of a line a 5, then, whose 
indices are and 1, we have simply to draw the elevation of 
the line at right angles to the given line, making b b' equal 
to the difference of the indices of a, 5, and joining a b\ In 
other words, the real leng^ of a line, given by its figured 
plan, is the hypotenuse of a right-angled triangle of which 
the given line is the base, and the difference of its indices 
the perpendicular (35). For example, if a line in plan 
measures four inches, and the difference of the indices of its 
extremities is three inches, the real length of the line is five 
inches. ^ 
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Pbobleh 14. 

To determine a plane which shall have a gioen incUnatian, and 

contain a ^voen Kne, 

Ohs. 1°. There is a Kmit to the conditions of the problem. 
The inclination* of the plane must be either eqtuil to, or 
greater than, that of the line. 

First, when the inclination of the plane is greater than 
Fig. 26. that of the line, the 

plane being inclined at 
60'', and the line at 45°. 
Draw ah^a c^ making 
the required angles with 
B Ly and meeting in a. 
Let fall a c^ at right 
angles toBx; and with 
centre d and radius d c, 
describe an arc. Draw 
he2i, tangent to this arc 
(Prob. 9. Prac. Geom.) ; and through rf, draw d f parallel 
toh e; then is efd h a plane inclined to^ the horizontal plane 
of projection at an angle of 60^. 

Now, dhi& the plan of a 5 inclined at 45° ; and to make 
the plane contain this line, describe an arc with centre d and 
radius (^ 5 to cut 5 6 in A, and join d A. The line d h lies in 
the plane, because the indices of dy A are the same as the 
horizontals h e, d f, drawn through those points (40). The 
line h d also lies in the plane. 

Ohs. 2°. If the inclinations of the plane and line are equal, 
the line will be at right angles to the horizontals, as d t. 

Ohs, 3^ If the line were a horizontal one, it would be 
one of the horizontals of the plane, and the conditions of the 
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problem would be fulfilled by drawing b i. at right angles to 
the giyen line, and making on it an elevation of the plane, 
haying the required inclination. For example, suppose ^ /, 
Fig. 25, were the given line having a given index ; draw b i^ 
at right angles to the line, and make/y equal to the height 
indicated by the index ; then through g draw c a, making the 
angle c as equal to the required inclination. The rest of the 
construction will be as shown in the figure. 

(a) Suppose the given line a h were given by its figured 



Fig. 27. 



plan, the indices of its 
extremities being9 and 4 
feet Draw a a" at right 
angles to a 5, and make 
it equal to the difEbrence 
of the indices a, 5, in 
this case, 9 — 4= 5 feet. 
(See OU, 1^ Prob. 15.) 
From d draw d e, mak- 
ing the angle <i£ ca equal 
to the required inclina- 
tion of the plane. With 

centre a, and radius a c, describe an arc, and tangential to it, 

drawyj. 

Through a, draw d a parallel to/b;d a^/b are two hori- 
zontals of the plane, which will be correctly figured by 
writing 9 upon d a, and 4 upon/&. 

42. It was observed (See Obs. 2% Prob. 14) that when a line 
lies in a plane each having the same inclination, the pro- 
jection of the line will be at right angles to the horizontals of 
the plane, as d t. Fig. 26. Now, d i may be considered as 
the scale of the plane b d/e, as we shall proceed to explain. 




90 



DESCJUPZIYE 




Let Fig. 28 be a copy of Fig 27, the conditions being the 
Fig. 28. same in every respect 

Divide a a' into five 
equal parts, each re- 
presenting 1 foot; and, 
through the points of 
division, draw lines par- 
allel to a 5 to cut e^ c. 
From the points of di- 
vision m a^ Cj let &11 
perpendiculars to a 6, 
and from a as a centre, 
and with each of these 
points respectively, as a 
radius, describe arcs to cut a g, drawn from a at right angles 
to d a, /b. At the points of division in a y write 4, 5, 6 
7, 8, 9."*^ The line a g thus forms a scale of heights for the 
plane of which d a^ fh are horizontals. Suppose it were 
required to find the height of any point n above the hori- 
zontal plane of projection. Through n draw a line parallel 
to d a, or at right angles to a ^. The division 7, where this 
line cuts a g^ shows that the given point is elevated abore 
the horizontal plane, a distance of 7 feet. 

43. A plane, then, instead of being represented by two or 
more of its horizontals, may be represented by a line drawn 
in it at right angles to the horizontals. This line is called 
the scale of the plane; and, that it may represent a scale and 
not a line, it is usual to make it a double line (one thicker 
than the other) as in on ordinary scale. 

* It is not necessary to obtain these points, to go throngh the construc- 
tion as shown in the figure. It is simply required to divide a g into five 
equal parti. 
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Pkobxbh 15. 

To determine the indinatiim of a plane amtainin^ three 

yiwn pointi. 
I^ a, S, be the three given pomte vhom indie es are 12, 
10, and B yards reepectiTely. 

Join a 6, a c, and divide a b into 
2 equal porta, the difference between 
the indicee a, b; aUo divide a e 
into 4 equal parts, the difib-ecce 
between the indices a, c. Join any 
two similarljr numbered points, say 
11 and 11. The line d e, drawn 
through these points, will be a 
hcmzontal line, i.e., e\erj point in it will be the same height 
above the horizontal plane. It will, therefore, be one of the 
horizontals of the required plane. Other horizontals may 
be found, as fg, by drawing lines through the remaining 
»milarly numbered points. 

To find the scale of the plane, we have merely to draw 
a A at right angles to the horizontals (42). At the points 
where the horizontals intersect a h, write the numbers 
indicating the indices of those horizontals, as 8, 9, etc., and 
complete the scale by drawing a second line, as shown in Hie 
figure. 

To determinu the inclination of the plane, we have simply 
to find the elevation of a A. Now, since a is elevated 4 
yards above A, make a m equal 4 yards, and join m h. The 
angle mha expresses the inclination of the plane. (See 38 
and 43.) 

Obt. 1°. It may be well to point out here, that, in con- 
structing the angle mha, amis made 4 yards, not from Hu 
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scale of the plane, but from the seals of the drawing^ f .0., the 
scale to which the drawing b made. (See chapter on scales.) 
The line a A is a scale of heights for the plane, which heights 
must be measured from the scale of the drawing ; and a m 
may be any length according to the miit {£ meatme. taken to 
represent 1 yard. For example, suppose that 1 ysrd is repre- 
sented by half-an-inoh ; then since a is elevated 4 yards aboVe 
A, we haves only to make a m, 2 inches (four times half-an-inch), 
and join m A, to find the angle (tf inclination of the plane. 

Ohs, 2°. The student is recommended, in determining the 
inclination of the plane, to draw its elevation apairt from the 
plan, t.0., to draw b l at right angles to the horizontals (see 
Fig. 25). 

(a) When the points are gjtven by their plans and elevations. 
Let a, a' ; i, h' ; c, c< be tba horisontal and vertical pro- 
Fig. 80, jections of the 

gkvQft points. 

Joinj«i, a c; 
and a' V^ a' d, 
^ Find, first, 
the horismtal 
tEacM oi ah, 
ac Psodnoe 
«r2r„ or / tD 
meetBiiiiu^iA; 

and firom d, e, draw lines at right angles to b i. , meeting 
a h, a c produced, in <f, d. Now, Fince <f, /, are two 
points in a 5, a e produced, and since they are situated in 
the horizontal plane of projection, tiiey must be two points 
in the horizontal trace of the required plane. Join d d, 
therefore, and produce it ixi/; fd is the horizontal trace 
of the plane. 



B 




GEOUXXBT« 



93 



To find the yertical trace, draw a ^ parallel to/^, meeting 
B ii in ^ ; and throng a', draw c^ ^ parallel to b l, meeting 
g ^^ drawn £rom^ at right angles to b l, in^. Join/'y', 
and produce it to A ; /A is the vertical trace of the plane. 

It will be observed, that a g^ drawn through a, wiU be one 
of the horizontals of the plane, being situated above the 
horizontal plane of projection at a distance equal to oi i. Its 
yertical projection a> g' wiD be parallel to b i (Prob. 4). 
Now, since this line lies in the plane, and since y' b its 
vertical trace, the Hne, drawn from/ through this point, must 
be the vertical trace of the required plane. The vertical 
trace may also be found thus : — ^Produce a 5 to meet b l in 
m, and from m, draw m rrC at right angles to b l, meeting 
d y produced, in m'. Join/m', and produce it to A ; /A is 
the vertical trace. 

The inclination of the plane will be foimd as in Prob. 13. 

Pboblek 16. 

Given the scales of two planes, to find the intersection of 

the planes. 

Let a 5, 5 c be the given scales, each containing 4 divisions. 



Fig. 31. 




h being elevated 4 yards' 
above a and c. 

Through any two simi- 
larly numbered points, 
as o and o, draw a d, cd 
at right angles to the 
scales, meeting in d; 
d will be one point in 
the intersection of the 
planes. Again, through 
any other two similarly 
numbered points, as 2 
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and 2, dzair A/, gf at right angles to the scales or paiallel 
to a dfC d, meeting in/; / will be another point in the in- 
tersection of the planes. 

Join d /y therefore, and prodooe it to 6/ <^ & is the 
intersection of the planes. 

It will be observed, that d a^dc are the horizontal traces 
of the two planes; thtLtfh^/g are two horizontals, one 
drawn in each plane ; and that the problem is a modification 
of the construction shown at Fig. 28. 

(a) When the scales are parallel, each containing five 

divisions. DrawBL 
parallel to thescales, 
and upon it make 
an elevation of the 
scales. The . zero 
points will be pro- 
jected at c,y. Make 
a h (any length) 
equal to c cf, and 
join hfj d e, inter- 
secting in ^; the 
line A B, drawn through g at right angles to b l, is the inter- 
section of tho planes.* 

Obs. P. Case (a) is analagous to Obs. 2^ Prob. 12, Fig. 22. 

Ohs. 2°. In the planes, Fig. 31, the line of intersection 

d b, forms a ridge. If b were made the zero point, and the 

scales ascended in the direction of a, c ; then dy h wotdd form 

tijurtow. 

Question. The angle contained by the scales of two planes 
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• For the application of these problems to the operations of Defilade 
See Note 1, Appendix, Maeaulay's Field Fortification. 



OEOMETBY. 



95 



18 64^ ; draw the plaa of the planes when lengths of two 
and three inches on the scales, contain each five divisions. 
Solution. (1) Make the angle a h e. Fig. 31, 64'>. (2) 
Make a b^b c, three and two inches respectively, and divide 
them into five equal parts. The rest of the construction is 
as shown in the figure. 

Note. It may be well to observe, that the Scales, Fig. 31, need not 
meet in a point as there shown. They may be inclined to each other 
without meeting, or they may cross each other. 

Pboblem 17. 




To find the point of intersection of a line with a plane. 

Let ab^c dhe two horizontals of the given plane whose in- 
Fjg. 88, dices are o and 1 yard; 

also let ^ ^ be the given 
line whose indices g, A, 
are 4 yards and 1 yard 
respectively. Draw b !• 
L. ^t right angles to the 
horizontals ab,cd, and 
upon it make an eleva- 
tion of the given plane* 
To do this, . we have 
simply to make d c\ 
drawn at right angles to 
B L, equal to 1 yard 
(the index of the horizontal c d being 1) : join b d and pro- 
duce it indefinitely to any point m. 

Next, find the elevation of ^ A by making /y', t A', 4 
yards and 1 yard respectively, and joining ^ h\ The point 
n, where ^ h* intersects b m, will be the point of intersection 
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sought. "Hie horinmtal drmwn from n mteifleotB the given 
line in n\ which is the point idiere y k intersects the plane* 

(a) When the phme is giren by its traces, and the line by 
its ^ah and eleTation. 

Let mm^mm'he the traces of the phme, and a h^ a If^ the 



Fig. S4. 




pkn and deration of the 
given line. 

ConceiTe a yertieal plane 
to pass throngh a by ue.^ 
conceive a plane to pass 
through a & at right angles 
to the hcriamtal plane of 
projection. Produce a & to 
meet b l in y, and draw 
ff sf &t right angles to b x, 
meeting m m\ in ^. Then 
will a ffjff ff' be the hori- 
zontal and vertical traces of 
a plane at right angles to the horizontal plane. 

Now, the point where a b intersects the given plane m m, 
m m\ must be common to this plane and to the supposed ver- 
tical plane whose traces are ag^g^* It must, therefore, be in 
the line in which the planes intersect each other. We have 
only, then, to find (Prob. 12) the projections of this line. 

The traces of the supposed plane cut the traces of the 
given plane in d and ^. Draw d d 9,t right angles to b l, 
and join g' d ; ^ d la the vertical projection of the inter- 
section of the two planes. The point sought must be in y' cT ; 
and since it must also be in d b\ it will, therefore, be at c 
where the lines intersect each other. Its plan cf is found by 
drawing c d at right angles to b l, meeting a ft in (f. 
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Pboblek 18. 

JVom a station d, the angles between obfects a and b, and b and 

0, lewre observed to be 30° ajirf 40°, <^ &Vie» yoimny a, b, and 

B, Q forming €a b an angle of 1 30°. i^two? d. 

Left Af B, o xepresent the positions of the giyen objects, 

the angle at b, formed by 
the lines a b, b c, being 
130°. 

Now, we want to find a 
station, or place of observa- 
tion, such that A, B, may 
be viewed under an angle 
of 30°, and b, c under an 
angle of 40°. Therefore, 
by Ftob. 14, Prao. Qeom., describe upon a b, b o, segments 
of circles to contain respectiyely, angles of 30° and 40°. 
The pmnt i>, where these segments intersect each oilier, 
Witt be the point sought. Join d a, b b, d o, and the angles 
A D B, B B, will be respectiTcly, 80° and 40°. 

Since the whole of the constructioa is shown in the figme, 
ftirtlier explanation will be uaaeeessary.''^ 
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Fboblbm 19. 

To draw a phme which ehaU contain a ^vem pointy and be 

jHxraUei to a given plane* 

Let mm^m m\ be the traces of the given plane ; and a, d^ 



* For a practical application of this problenii tee Col. Jaokwn't Work 
<m Military Suxyeying* 
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Fig. 36. 




the projections of 
the given pcnnt. 
Through a draw 
ab parallel torn m\ 
N0W9 a & is a hori- 
zontal line, and 
may be considered 
as one of the hori- 
zontals of the re- 
quired plane, hav- 
ing for its index 
c^ af'j i,e,, having an elevation above the horizontal plane 
iBqual to a^ a». 

. To determine the plane to contain this line, we must find 
its elevation a' b\ which will be parallel to b x (See Prob. 4). 
From 5, where a h meets b l, draw h V at right angles to b l, 
meeting the line, drawn from d parallel to b l, in h\ 

Since the line meets the vertical plane in 5', the point &' 
will be one point in the trace of the required plane ; and 
since this plane is to be parallel to the given plane, we have 
simply to draw through h\ x x parallel torn m; d;:risthe 
vertical trace of the required plane. To find its horizontal 
trace, draw from x^x of parallel to m fn\ 

The problem may also be solved thus : — Draw of h parallel 
to m m, meeting b l in & ; also draw a c parallel to 'B ^ 
meeting c 5, drawxx at right angles to b l, in c. Through c 
draw X sf parallel to m m\ and from x draw x x parallel to 

Ois, The relation of a' i' to a i, and of a c to a' i, will be 
imdexBtood by referring to Probs. 3 and 4. 
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Own tie traces of two parallel planes^ to jmd the dUtance 

between them. 



Let mm, mm' ; and x x^x of be the traces of the given 

Fig. 37. planes. Draw 

a & at right an- 
gles to the ho- 
rizontal traces 
of the pianos, 
and hdm right 
^ angles to b l; 
ab,bd will be 
the traces of a 
plane at right 
angles to the 
horizontal plane 
of projection. 

Now, this third plane will cut the given planes in two 
straight lines, which will be parallel to each other ; for if 
two parallel planes be cut by another plane, their common 
sections with it are parallel. The plane ab,bd cuts m m, 
m m' in the line a b, and x x,x of in b c. If, therefore, we 
find (Prob. 13) the angles which the given planes make with 
the horizontal plane of projection, we shall obtain the dis^ 
tance required. Make bt/^b a' respectively equal to & c, & a, 
and join g d^ful ; i h, at right angles to these lines, b the 
distance between the planes. 

44. Two lines are not necessarily parallel because their 
plans are parallel All lines parallel to the vertical plane, 
whatever their inclinations may be tp the ground line, axf 
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projected upon the hormmtol plane in lines parallel to the 
B L, the ground line (See (a), Prob. 5). If, then, the plans 
of a number of lines are panllel to b l, their rdation to tii6 
vertieal plane of projection is known, but not their relation 
to each other (See Quest. 3, Art. 26). The lines themselTes 
may be actually paralld or inelined to each other. 

if the elevations, as well as the phns, of any number of 
lines are parallel, the lines themselves are parallel. 
The line « 5'is parallel to c d, while e/is not parallel to 
Fig. 38. it. Again, if the difi^- 

ence of the indices b 
and dy is equal to the 
difference of the in*, 
dices a and c, the lines 
are parallel. 

It has been shown 
that two planes are 
parallel when their 
traces upon the two 
planes of projection axe paralld. Two planes are also 
paralld when equi'distant horizontals in eadi phne hme 
equi-different indices, increasing in the saaae direetioM. 
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Pboblek 21. 

Gtffen the phna and elevatunu if two parallel lines^ to find 

the distance between them. 

Let ab,af b\ and cdyCf df (See last Fig.) be the projections 
ol^ the giren lines. 

jynmx y at right an^es to a i, o dy and draw the pro- 
j^etor « 0^) ^titting db'ytf^ in a/, y". It will be observed, 
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that the problem reduces itself to finding the real length of 
the line of which xy^vi }f are its projections. The differ- 
ence of the altitudes of x, y above the horizontal plane is 
expressed by x' y". If, then, we construct the right-angled 
triangle nxy^ making n x equal to x' ^, we shall obtain n y, 
the distance between the lines (See 35, Prob. 11). 

(a) Let ah^a! h\ and cdyd d^ Fig. 39, be the projections 
of the given lines, a, c being their horizontal traces. 

Fig. 39. 




From c draw c n at right angles iaah^cd. 

Find the altitude of n above the horizontal plane. This 
altitude is expressed by n' a?, found by drawing the projector 
n n\ Upon n c, as a base, construct the right-angled triangle 
-cmn^ making w» n equal to n'x; w c is the distance between 
the lines. 

Pboblem 22. 



? draw a line through a given poitU paraUel to a gk 
plane^ hit to have a given incKnation. 

There is a limit to the inclination of the required line ; it 
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cannot be greater than that of the given plane. Let the 
inclination of the plane be 35°, and that of the line 25^. 

Fig. 40. Let o a, a ft be the 

traces of the given 
plane, a h tnaTnug 
with B L an angle of 
35° ; and let c, c?' be 
the plan and ele- 
vation of the given 
point. 

. Construct the right 
angled triangle ighy 
having the angle at 
y, 25°.*Draw»»',y/ 
parallel to bl, and 
meeting a ft in the points t', g\ From y', H^ draw lines 
parallel to a a. These lines are two horizontals of the 
given plane, at a difference of level equal to i A. Therefore, 
anywhere between these horizontals, as at :r y, place g A, the 
base of the triangle ig h. Then a; y is a line inclined at 25°, 
and lying in a plane inclined at 35° (40). It only now 
remains to draw, through c, a line c d parallel to xy ; ad 
is a line inclined at 25°, and parallel to the given plane. 

Ohs. 1°. If the inclination of the required line were ihe 
same as that of the given plane, the line would h^ cp 
parallel to x n, which is drawn in the plane at right angles 
to the horizontals. 
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* In drawing tlie angle igh equal 25^, it is better to draw from t, a 
line i g making with i hf the complement of this angle, that is to sayi to 
make the angle g i h, GS^'. The angle at g will then be 25^. (See 
Note, Prob. 26, Fig. 48.) 



GEOHETBY. 



103 



Obs. 2^ If it were required to draw, from the given point, 
a horizontal line parallel to the given plane, it would simply 
be necessary to draw, through c, a line parallel to the hori- 
zontals of the plane. 

45. Two lines do not necessarily meet because* their plans 
cro88. 

Fig. 41. 




If the index o, where the lines ab, c d, e/, cross, be the 
same as referred to the three lines, the lines meet, but not 
otherwise. 

Again, if the elevations of the lines cross on the perpen- 
dicular drawn from o, the Hues meet. It will be seen that 
only the lines ab, c d^ meet, as shown by o\ 



Pbobleh 23. 

To find the angle contained hy two lines whose plans are given, 
or to draw a line from a given point to make a given angle with 

a given line. 



Let aby b c (Fig. 42), be the plans of the given lines, 



A 
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Fig. 42. 




meeting at h; and let the indices of 5, c, a, be 6, 3, and 2 
feet respectively. 

Divide a b into four equal parts (6 — 2), in the points 3, 4^ 
and 5. 

Join c to 3. Then, since these points have the same m* 
dex, c 3 will be a horizontal of the plane containing the 
given lines. Draw b l at right angles to this horizontal, 
and make upon it an elevation of the plane. To do this, we 
have simply to make m l> equal 6, and x d equal 3 feet, and 
through y d draw h V (see Prob. 15). Project a upon h V. 

Now, the two lines ab,bcj are situated in a plane, which 
is inclined to the horizontal plane of projection at an. angle 
y hm; and if we view this plane at right angles, we shall 
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see tUe angle oontained by the lines at its real magnitude. 
Conceive the plane to reyolve until it cmncides with the 
horizontal plane. In thus reyolTing, each of the points n', o', 
i', wiU describe an arc of a circle parallel, to the vertical 
jdane. Therefore, with centre A, and with the points a', d^ h\ 
as radii, describe arcs cutting b l in points x, y, z. Through 
a, &9 Cy draw indefinite lines parallel to b i^ ; and from points 
Sy y, z, draw x of', y c", z b"y cutting these lines in a", C'^ h: 
Join afi b'^ h" c^ ; and the angle a" b" c" is the real angle con- 
tained by the lines. 

Obe. When a plane has been made to reyolve until it coin- 
'oides with the horizontal plane, it is said to be " constructed,'' 
or in other words, '* A plane is said to be ' constructed' when 
the plans of any points, lines, or figures, lying in that plane, 
lire drawn on the supposition that the plane has been turned 
xound on a horizontal till it has been brought parallel to, or 
coincident with, the plane of projection." 

(a) The problem may also be solved thus : — ^Divide a b 
into four parts, and b c into three parts as explained in the 
.first case. Produce & a, 5 c, to y, h\ making a g equal two 
divisions in a 5 ; and c K equal three divisions in b c. Then, 
since y, h\ are the points where the given lines produced 
meet the horizontal plane, the line g K will be the horizontal 
trace of the plane containing the lines. Through 6, draw 
hd^X right angles to g h\ Find the real length of b d. This 
length is shown at h b' — m 11 expressing the difference of the 
indices i, d. Therefore, make d b" equal to h b\ and join b" h', 
i"g: h'b» giB the real angle contained by the lines. 

(&) The plans of two lines contain an angle €i 80% the 
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lines being inclined to the horizon at angles of 50^ and Z9° ; 
required the real angle contained by the lines. 
Let ab,bc,he the given lines inclined at 50° and 39°, re- 
spectively, the 
angle a & c, be- 
ing 80^ 

Find a horizon- 
tal of the plane 
~~ containing the 
two lines. From 
a, Cf draw a r, 
c X, making with 
abyb Cy angles of 
50° and 39° re- 
spectively, and 
draw bvy b x^ at 
right angles to 
ab,bc. 

Then bvybx, ex- 
press the height 
of b above a and 
0. Make b s 
equal to 5 x, and 
from 8 djmw 8 g 
parallel to a r, 
cutting a & in ^. Then^ will have the same index or altitude 
above the horizontal plane that c has ; and, therefore, c g 
joined will be a horizontal of the plane containing the given 
lines. Join c g, and produce it indefinitely. Draw b l at 
right angles to c ^ produced, cutting it in (f. Upon b l* 




* B L in this case is not the ground Hue, but a line of level (3). 
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make an elevation of the plane containing the given lines. 
Draw the projector b b\ and make h If equal to hs or 6 x. 
Join If aft and produce it to p ; V p is the elevation of the 
plane containing the two lines. Project a to a', and *' con- 
fltmct '' the plane as explained at Fig. 42. When the plane 
has revolved upon the horizontal c ^ till it is coincident with 
the horizontal plane of projection, the points h\ a', will 
assume the positions of m, o. The points m', o\ ore found 
as in Fig. 42. Join m! o\ veti c, and c rn! cl is the real angle 
contained by the lines. 

0&«. 1°. The angle V d m expresses the inclination of the 
plane in which the given lines ab, b c, are situated. 

Obs. 2°. The horizontal c g may be found thus : — ^Take an 
indefinite straight line b a (See No. 2, Fig 43), and make 
A a, A 5 respectively equal \.o ab^ b c. From a draw a c, 
making with u a an angle of 50"^, cutting the perpendicular 
A c, in c. Through c draw a line making with b a an angle 
of 39° ; and from b draw b b' at right angles to b a, cutting 
this line in b'. Then, taking b a as a line of levels b' is 
elevated above a, a distance b b\ From b\ draw b' % parallel 
to B A, cutting a c in ». Then b\ i will have the same index 
or altitude above the plane of projection. From i draw i i 
at right angles to b a. Make b g (No. 1) equal to i' a (No. 2)» 
and join eg ; c g is the horizontal requu-ed. 

Obs. 3°. The real angle contained by the lines ab, b c may 
l>e foxmd without making an elevation of the plane in which 
the lines are situated ; for since g s, c x are the real lengths 
of the lines gb, cb^ we have simply to describe arcs from g, c 
with these lines as radii, and to join the point, in which the 
ares intersect, to ^, c. 
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(c) To draw a line from a giTen point to make a gifen 
ai^le with a given line. Let a ft. Fig. 42, be the given line, 
and c the given point, the indices of a, ft, e being the same as 
there given. Find, as explained, a point in a ft having the 
same index as c. We thns obtain the horusontal c 3. Pio- 
duce c 3, and draw B L at right angles to it. Mtkex&^mb^ 
equal respectively to 3 and 6 ft. Join ft' ^^ and piodnee it to 
h. Project a to nr", and *^ eonstroct '' the plane containing the 
.given line and pcwt. We thns obtain the line a« b»^ and 
the point c". From e", draw a line making with a« ft", ihe 
required angle. Suppose of' h"c" to he the required angle ; 
then draw e" h"^ making this angle. To find the point 6" in 
a ft, we have simply to draw b" z at right angles to b i., and 
with centre ft, and radius h z describe the arc b' z. Where 
the projector let &11 from ft^ cuts a ft, will be the point b, 
which joined to c, will give the line ft c, making with a ft the 
required angle. The point ft is also more simply found by 
drawing a line from b" parallel to b l to meet a ft. 

46. In drawing a line from c to make a given angle with 
a ft, we had first to determine the plane containing the line 
and point ; and then to determine the line and point '* con- 
structed,'' as shown at a" b" and c" (See Fig. 42). Having 
drawn &' ft" to make with a" b" the required angle, we had 
next to determine b" in a ft. In doing this, we performed the 
converse operation to that of '* constructing '' a plane. 

47. To further illustrate this converse operationy let a" b", 
b" c" be two lines lying in the horizontal plane, and let it be 
required to find their projection when situated in a plane 
having a given inclination. Let B l be the ground line, and 
ft' ft z the angle of inclination of the plane (See Fig. 42). 

Draw a" x, c" y, and b" z at right angles to b l. With ft, 
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Mft ttcntee, sod ha,k]/,kx as n£i, deoonbe nes cnttliig 
kt iaai,tf and !>. The pomte of intenection of the pro- 
JMlm from ^, ^, i^, in& the lines dnwn from of, <f, 0* 
pMnHfil tD X L, win give a, e, b. Join ah, he; these are 
tM psojeetioM of the Hnee a" b; b- e" vi^en sttnated in a 
flnw whose indination 'mil kt. 



Pbosleh 24. 

il« ejwifafara/ triaitffb has '^ if its tide* ineUwd at 60" 
and 90° to ih* horixon; draw Ht plan, and determine tie 
t of tie plane m which it u ntuaied. 



IiSIt 4B0 be Hie ecpilatani irian^*. Drew ob, bx. 




making wiUi a c, 
AB angles of 60° 
and 30°. From a 
draw A d at right 
angles to b b, and 
with centre a, and 
ntdins A d, desi^be 
a cirole. Paralld 
to G » dlraw r t 
tangential to fhiB 
circle, and cutting 
Ao in £. Then 
nnce A o is eqnal 
to A t^ B and t 
will have the same 
index or altitude 
above the hori- 



nmtal plane- Join b 8, and wo haye one of the horizontals 
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of the plane sought. . Draw b l at right angles to b 5 pro- 
duced, and cutting it in b'. Project the ^int a to a' ;' and 
with centre b' and radius b' a' describe ka arc. Now, since 
A is elevated aboye b, 5 a distance equal to a o or a cf, the 
point a' must revolve until it is this distance above b l ; for 
the plane revolves upon the horizontal b b, which is re-^ 
presented in elevation by b". Therefore, make b' y equal to 
A o or A ef, and draw a g parallel to b l, cutting the arc in a. 
Join a b' and produce it to m ; a m is the elevation of the 
plane containing the triangle. Project c to c% and with 
centre b', and radius b' d describe an arc, cutting a m in c> 
The plans of points a, c will be found as in Figs. 42, 43. We 
thus obtain a\ d. Join d b, d c\ and (^ b ; a' b (^ is the plan 
of the triangle, when the sides a o, a b are inclined at 60° 
and 30°. 



The inclination of the plane in which the triangle is 
situated, is expressed by the angle a b' a'. 

In drawing r h parallel to d c, and tangential to the circle, 
to find the horizontal b d, the construction is analogous to 
that employed at Fig. 43, where we made h s equal to bx, 
and drew sg parallel to a r. 

* In Fig. 44, A B, A c are the real lengths of the lines, and 
dB^ eo their projections ; while in Fig. 43, ab^bc are pro- 
jections, and avyCx the real lengths of the lines. 

Obs. 1°, The sum of the angles which the two lines a b, 
A c are to make with the horizon, must not be greater than 
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the si^iplement of the an^ at ▲. In this case the angle 



Fig. 45. 



at A is GO''; therefore, 
the som of the angles 
A. Dy A B E must not be 
greater than 180° — 60^ 
= 120°, i.e., the sum of 
the angles must not be 
greater than 120°. If 
the sum of the angles 
were equal to the sup- 
plement of the angle 
contained by the two 
lines, the plane of the 
triangle would be yer- 
tical. 

If in the equilateral 
triangle a b Cy Fig. 45, 
the angle abdy express- 
ing the inclination of a by 
is 50% and ac^, expressing the inclination of ac, is 70° ; 
then 50° + 70° = 180° — 60° = 120°. In this case the 
plane of the triangle is yerticaly as shown by the construction, 
and will be projected upon the horizontal of the plane in 
points^,' A, t. 

Obs, 2°. When the inclinations of two sides of any recti- 
Uneal figure are given, the inclination of the plane containing 
the figure may be determined as explained in the last problem. 
Hie position of such figure may also be determined if the 
inclination of the plane in which it is situated, and that of 
one side are giYen,«as we shall proceed to show. 




The plant of a tqaare ia hteUiud at 30 
VT' ; draw itt pltat. 




Draw ad maUng with »L an angle of SQf; oft Is the 
elerotloa of the plane oontaining the giTen figure. Draw 
e d, making with s £ an an^ of ST*, and make it equal 
to the ode oS tbe square. Patdlel to s l, draw etf, df, 
eirtting *bm<f,tt. 

Find e' (f x oonatnicted " u explamed at F^. 42, 43. To 
do thii, we haTe riinply to set off ed Ab real loigih of te 
line, between the lines drawn from A, 7 at rigbtanglevt& BE. 
Ve thus obtain A'/. Upon A* ^ describe the square^ A' t«> 
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Thea by Qte conrene operation to that of " constractiiig " a 
plane, ire find in a & the points a, n, by drawing * ■\'m m' at 
right angles to b i^ and with cmitre b, and radii b ^, b m' 
descritnng arcs, catting a ( in n, a. ^Dts plan of the sqaore 
is (^ ^' c" n', which is obtainei in the same manner as a' b c'^ 
the plan of the equilateral trinngle, Fig. 44. 

(a) Draw the plan of an isosceles triangle when its piano 
is inclined at 60°, and the line drawn from the vertex per- 
pendicnlai to the base at 35°. 

Let ahe ha tite giren isosceles triangle, of which a d 
^'g- *^- is the giren line 

drawn from the 
vertex a to the 
based c 

Draw m n in* 
clined at 60°, and 
a' d' equal to a tf, 
inclined at 35°. 
Draw a' g, d' A, 
and determine g h 
" constructed " as 
was done with 
ti d, F%. 46. We thns obtidn o' >". Through t', at right 
aa^es to o' t', draw a Une ; and make %'{p, i' », equal to 
dh,de. Join o' p, o' ». The projection of the triangle o' pt 
IS xy X, found as in the preceding cases. 




It will be observed, that the principle involved in ' the 
scdalion of the present problem is anal<^as to that em* 
ployed at Fnb. 23. 
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Pboblem 26. 



Griven the traces of a plane^ and the prqfections of a line to. 
find the angh which the Kne makes with the plane, 

* Fig. 48. 




Let m m', m n, be the traces of the plane^ and a b, a' b' the 
projeetio?is of the line. 

Now, if from any point in a 6 a line be dravm perpen- 
dicular to the given plane, this line will makie with a b the 
complement"^ of the angle which the given Ijne makes with 
the given plane. If from any point b' ma b' (See Fig. 24), a 

* The complement of an angle, is the difference between it and an 
angle of 90^, e.ff, the complement of an angle of 50^ is an angle of 40^; 
an angle of 35^ is the complement of an angle of ^S^<«' 
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fine 1/ b he drawn perpendicular to a b, the angle a V 5, 
which this line makes with a h\ is the complement of the 
angle which a U makes with ab : so that if we determine 
the angle at b\ the angle at a will he the difference hetween 
it and an angle of 90°. 

K a line is perpendicular to a plane, the plan of the line 
will he at right angles to the horizontals of the plane. There- 
fore, from a, draw an indefinite straight line at right angles 
to m in\ or, what is the same thing, parallel to b l. From a' 
draw c^ c perpendicular to m n, meeting b l in c. Find c\ 
the plan of c, by drawing the projector c c\ The line a, d 
then, drawn from a perpendicular to the given plane, makes 
with a & an angle d ab^ which is the complement of the 
angle which ah makes with the given plane. Find, by 
Prob. 23, the real magnitude of this angle. To do this we 
must determine the plane containing the three points a, 5, c\ 
Prob. 15. Now, since in the lines ah^ a c\ the points 5, c', 
have the same index, 5 c' will be one of the horizontals of 
the required plane ; and since the points &, cf meet the hori- 
zontal plane of projection, h d will be the horizontal trace of 
the plane. Therefore, draw b i. at right angles \jQhd pro- 
duced (See No. 3). Now, a is elevated above the horizontal 
plane a distance equal to a' h (No. 2) ; therefore, draw a a" at 
right angles to b l, making a" d equal to a' A, and join a" b" ; 
of' b" is the elevation of the plane containing the three points. 
"Construct" this plane (See Fig. 42, tmd[Ohs, Prob. 23). We 
thus obtain g. Draw g g' at right angles to b i. to meet a g\ 
drawn parallel to b l (No. 3), and join b (/, d /. Then 5 / d 
is the real angle contained by a 5, a d ; and since this angle 
18^ the complement of the angle required, draw / % at right 
angles to 5 /, and d g' i is the angle, which the line a b makes 
with the plane whose traces are m m\ m n. 

Obs, 1°, The angle b g" d may be found without going 
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through the constructioii shown at No. 3, thus : — ^Draw a o 
at right angles to b(f, and find its real length. This is done 
by constructing a right-angled triangle, making the base 
equal a o, and the perpendicular equal to a' h, the height of a 
above o, and setting off the length of the hypotenuse (along 
a o produced) from o to / (35). 

Obs. 2°. The line a h intersects the given plane in the 
point s' (Prob. 17) ; and since the angle, which a straight 
line makes with a plane, is the angle contained by the 
straight line and its projection on that plane (34), we have 
simply to find the real length of a «' as referred, first, to the 
given plane, and, secondly, to the line a b, 

Nowy the real length of a s\ in the first case, is s'p, found 
by drawing a r at right angles to ab, and making ap equal 
to xy, the difference of the indices, or heights above the 
plane of projection of a, s\ Again, the real length of a /, in 
the second case, is «^ r, found by making a r equal to a; a', for 
the reason just given. The angle ps^ ria the angle required. 

PROBLEM 27. 

To determine the angle between two planes^ or, conversely, 
to draw a plane to make a given angle with a given plane^ and 

to pass through a line in the first. 



Fig. 49. 




Let abcd^abghhe the 
two planes of which be, 
b g are the traces ; and 
mn, mr; ad, ah, hori- 
zontals. 

Find the elevation of 
a b, the intersection of the 
planes, i.e,, make a a\ 
drawn at right angles to 
o 6, eqiial to the height of 
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a aboye the plane of projection, and join a^ h. Draw xy 2A. 
right angles to a &, and let it be considered as the trace of a 
plane, catting the traces of the given planes in x, y. 

Now, if a; y be considered as the trace of a plane at right 
angles to the horizontal plane, it would cut the given planes 
in a triangular section. This triangle will be found by 
making m e equal toms (for m is elevated above the plane of 
projection a distance equal to m s\ and joining xe^y e. Now, 
the solution of the problem consists in finding the section of 
the planes when cut by a third plane at right angles, not to 
the horizontal plane, but to a 5 the planes' intersection. 
Therefore, draw m at right angles to a' 5 ; mo will be the 
elevation of the plane drawn at right angles to a! h ; and 
aince this plane contains the lines which measure the angle 
between the ^ven planes, we have only to '' construct '' m t> 
to find this angle. Make mp equal to m o, and join x p,y p ; 
xpyjM the angle between the planes (32). The angle xp y 
is termed the dihedral angle, and the profile angle of the 
planes (33). 

(a) When the planes are given by their horizontal and 
vertical traces. 

Fig. 50. 




Let ahydh be the horizontal traces 5 and a c, d c^ the 
vertical traces of the planes. J^ 

Find, by Prob. 12, c' 6 the horiwwitol ^p»V«^^^^ ^ ^^ " 



118 DBSCKirxlTE 

intersectioa of tlie planes. Draw x y at right angles iaifh, 
cutting it in m. Make c' t equal to c* i, and join c e; a 
is the elevation of the planes' intersection. Again, vaUka 
c'n equal c* m; and Irom n draxr n^ at right angles to c*. 
Make m i; equal to n ^, and join xo, yo; xoy is the angle 
between the planes. 

{h) The conTerse operation, viz. — ^to draw a plane to make 
a given angle with a given plane is performed thus : — Let 
a b g h be the given plane, See Fig. 49, a h being the 
line in which the planes are to intersect each other. Find 
a' b, the elevation of a 5. Draw x y at right angles to ab, 
cutting it in m ; and &am m, draw m o at right angles to i^ i. 
iiakemp equal to m o, and join y p. At the pointy, in yj>, 
make the angle *fpx equal to the angle which the required 
plane is to make with the given plane ahg h. The point x, 
where p x meets x y, will be a point in the horizontal trace 
of the plane sou^t; and since b is another point in this 
trace, join b x, and produce it to c; be is the horizontal 
trace of the required plane, which yrill be completed Iqr 
drawing a d parallel to be. 

Pbobleu 28. 
To determine two parallel planes, each <^ which skaS etmtain a 



ffiven line, the lines not being i, 
Kb. si. 



s eame plane. 
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Hie traces of the plane containing a b, (^ b\ will pass 
thzong^ a, b'; for a line lies in a plane when the traces of the 
line are situated in the traces of the plane (37). If, then, we 
can determine another point in either the vertical or horizon- 
tal trace of this plane, the line, drawn through these two 
points to meet b l, will determine such trace. 

Let us find a second point in the vertical trace. To do 
this, draw from b\ a line b' o parallel to c' d' meeting b l in 
0. From d in <f d\ set off ct i equal to b' o. Find t\ the 
elevation of t, and make o o\ drawn at right angles to b l, 
equal to r t*. Then d will be the trace of the line, drawn 
from y parallel to d d\ and situated in the plane containing 
the line whose projections are a 5, a' b\ Thus, a, o\ are two 
{xnnts in the trace of the plane passing through the lines 
joining a, b'; o\ b\ in space, and whose projections are a 5, 
flr b'; d b, b\ 

Now, the line drawn through a, d, meeting b l in m, is 
the vertical trace of this plane ; and the line drawn from m, 
throagh b\ is the horizontal trace. 

To find the trace of the second plane, we have simply to 
draw, through c, d^ lines parallel to the traces of the first 
plane, meeting b l in n, 

' Obs. The construction shown in the last figure wiU answer 
-equally to determine a plane which shall contain a given line, 
and be parallel to another given line. The plane containing 
the line joining a, b\ is parallel to the line joining c, cf . 

Second Case. When the lines are given by their incliruUions 
instead of their projections upon the two planes ; or : — To draw 
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a plane inclined at 52° to contain a line inclined at 36% and to 
bepardOel to another line inclined at 32°. 

For the principle inyolved in the solution of this question} 
see Prob. 22. 



Pboblem 29. 
Required the section of a road given hy its contours. 

Drf* In Geometrical Drawings, aeetions are employed to furnish those 
details which cannot be represented by a plan or elevation merely, and 
are designated sectional plans and sectional elevations. When an object is 
cut by a vertical pluie, i,e., by a plane at right angles to the plane in 
which the object is situated, the section is termed a profile. 



Let the contours heab^c dj ef, etc., taken at equal verti- 



i, 



Fig, 52. 




cal intervals of 6 
feet, the horizon- 
tal distances be- 
tween them being 
•2, -5, -4, and 3 
inch respectiyely. 
Draw 'b i. at right 
B angles to the con* 
tours. Then— as- 
suming the scak 
for the indices to 
be yhr. make c cf , -1 inch (that being the length of 6 feet 
when drawn to the scale of rtir)* ^ /*> '2 inch, and so on* to 
m n\ -4 inch. Through the points n', h\fy cT, and a, draw 
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ihe carve line as shown in the figure. This line will repre- 
sent the sectional elevation of the given road. 

In representing objects in section, it is usual to show the 
part sectioned by a series of equi-distant parallel lines 
inclined at 45° to the base line. The direction in which the 
section is taken, is indicated by a line (a b in the drawing), 
called the section Une or section plane^ 

8ince, in the case before us, a b is at right angles to the 
horizontals, the section is a profile, and it may be remarked, 
that a section so taken is. the only one which shows the 
real lengths of the horizontal distances. 

Obs. Supposing the plan to be drawn to a scale of 1 mile 
to 1 inch, the distances between the horizontals will be 352, 
880, 704, and 528 yards respectively. 

Pboblem 30. 

The observed angle bag between two lines b A, A c, whose 

inclinations to the horizon are 32^ and 37° respectively, is 40°; 

required the horizontal projection of the angle bag. 

Obs. \?. In the operations of surveying, it is usual to con- 
eider all prominent objects to be connected by right lines 
forming triangles, the problem then consistihg mainly ud 
measuring the angles of these triangles. In representing the 
survey upon paper, that is to say, in making a map of a 
country of which we have made a survey, we have to re* 
produce these triangles upon a reduced scale, in the same 
order as that in which they were observed. To do this, the 
angles of the triangles should be situated in a horizontal plane* 
If the plane of an angle, that is, if the plane containing the 
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lines forming an angle, is inclined to the horizon, we have to 
find its horizontal projection, but not the angle itself (see 
Prob. 23, Fig. 42). Now, this projection can be found if we 
know the measured magnitude of the angle, and the inclina** 
tions of its two sides to the horizon. 
Solution. Let a, a% be the horizontal and Tcrtical projec- 
Fig. 53. tions of the vertex of 

the observed angle. 
From a', draw a' c, 
jl' b, making with b l 
angles of sr and 32°, 
the inclinations of 
the sides of the given 
angle to the horizon. 
A B is the horizontal 
projection of one of 
these sides, and it now remains to determine the projection 
of the other side. K from a as a centre, and with radios 
A c, we describe an arc c d £, the side a' c must meet the 
horizontal plane at some point in this arc. To determine 
its position, we must find the distance between two points 
in the lines containing the observed angle. We must, 
therefore, construct this angle. To do this, draw from a% 
A' a, making with a' b an angle a a' b of 40°. Next, make 
a' a equal to a' c, and join b a ; b a is the distance sought. 
From centre b, and with radius b a, describe an arc cutting 
BBS in D, and join a d. The line a d is the horizontal 
projection of the second side, and the angle bad the 
•horizontal angle required. 

Obs. 2°. The operation performed in the present problem 
is known by the name of the *' reduction of an angle to the 
iionzon." 
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I 

^ a line wkkh shaU he perpendicular 
parallel^ nor fyina in the same plan 



Let a by c d he the plans of 
the giyen lines. 

Draw the plane mm, mm* 
to contain one of the lines as 
c d. Now, this plane must be 
parallel to the line a h. There- 
fore, draw a' h\ the elevation 
of a h, parallel to m m. In a 5 
take any point y, and find its 
elevation, ^, From y', draw 
Sf o 9.t right angles to m m. 
Find g o\ the plan of / o. 
Since y' o is at right angles to 
the plane mm^m m\ its plan y o' will be at right angles to 
the horizontals of the plane. Next, from o\ draw o' n 
parallel to a 5, meetixig c d ian. From n, draw np parallel 
to y o\ meeting a h bxp ; npia perpendicular to a b, c d. 




Fig. 55. 



B 




^^ 



k : 



I 



(a) Let a 5, c d, the 
plans of the given lines, 
be parallel. 

Find a' b\ d d, the 
elevations of a 5, c d. 
The point A in which 
these lines intersect each 
other, is the elevation of 
the required line; its 
plan is A' «. 
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It will be observed Hiat the problem consists in finding 
the points h\ imc d^ahy having the same index. The line 
joining these points is a horizontBl fiM^and isrpeipendiciilaz^ 
to the given lines. 

Pboblbh 32. 

The angle contained by the traces of two planes is '70°, one 
plane being inclined at 60^ ; find the inclination of the other 
plane, when the intersection qf the two planes is inclined at 30°. 

Let a 5 be the plan of the 
-intersection of the two planes. 
Make the angle b' a b, 30^ 
and draw b b' at right angles 
to a 5. Through b' draw b' c, 
making the angle U c 5, 60^ 
and complete the plane as ex- 
plained at Fig. 26. Therefore 
a & A y is a plane inclined at 
60^ and contains the line a h 
inclined at 30°. At a, m ag^ the horizontal trace of this 
plane, make the angle g a m, 70° ; a m is the trace of the 
second plane. To find its inclination, we have simply to 
describe an arc from centre b tangential to a m, cutting a h 
in d, and join b' d. The angle^ft' d b expresses this inclination. 

P&OBLSM 33. 

Two planes are inclined at 60"^ and 46° respectively; draw 

their plan when their common intersection is inclined at 36°. 

» 

Draw b' a, V d^b' c (See last Fig.) inclined at 36^ 46°, and 
60° respectively. From centre &, in a &, the plan of the 
planes' intersection, describe arcs with radii b c^b d. From 
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a dxKW Gffyam tangoitial to these arcs, and complete the - 
flawing as shown in the figure. 

Fbobleh 34. 

Dratit a plane incUned at 40^ to the horizon^ and a perpendicular 

to it '5 inch hng ; through the perpendicular draw a plane 

inelhed at 6(f to the horizon^ and find by construction the 

dihedral angle contained by the two planes. 

Let m n, m m' be the traces of the plane inclined at 40"", 
and a b the elevation of the line perpendicular to^m^n. 

Fig. 57. Produce a 5 to meet 

B L in c. Find a' c' 
the plan of a c ; cS o 
will be at right angles 
to m m', as has been 
before explained. 

Draw a" d^ the el- 
evation of ci c\ by 
making a' a" equal to 
the height of a' above 
B L, and joining a" d. 
Through a", draw a«A, 
making with a' c' an 
angle of 60°. With 
centre (^ and radius 
a^ h, describe an arc, 
and tangential to it 
draw from c', c m\ 
meeting m m' in m' ; m'fc' will be the horizontal trace of the 
plane containing of cfy which is perpendicular to the given 
plane. 
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We baye next to detennine the line of interaection of the 
two planes. Now, o^ d meets or intersects the given plane 
in y ; and since c£ d lies in the plane whose horizontal trace 
is nC d^ it is evident that the point V is common to both 
planes. Therefore, the. line joining m', If (for m' is also 
common to both planes), will be the intersection required. 
By finding the elevation of m' h\ the dihedral angle between 
the planes will be determined as in Frob. 27. 

It may be observed, that vti V may also be found thus : — 
Draw g % parallel to b L,.meeting m n, a c in y and t. Find t^, 
the plan of ». From i! draw i o parallel to m d^ meeting g o, 
drawn parallel to mm', in o ; g o, i o are two horizontals 
having the same index, and the line drawn through m\ o is 
the intersection of the planes (Prob. 16). 

ObB, The construction shown in the figure is equally 
applicable whatever may be the inclination which the given 
line makes with the given plane, the student has only to 
bear in mind, that the angle which the line makes with the 
horizontal plane of projection must not be greater than 
that which the required plane makes with it (See Obs. 1°, 
Prob. 14). 

48. It has been explained (Prob. 25) how to obtain the 
plan of a square, when the inclination of its plane, and that 
of one side are given. We shall now give the construction 
for determining the elevation of such a surface. 

Pboblem 35. • 

Required the plan and elevaiion of a Bqua/re^ when Us plane 
is inclined at 30°, and one side at 25°. 
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Let m n (No. 1) be the trace of the jdaoe, and fi c the 
a of the side of the aquare, inoUned at 25°. 



The plan (No. 2) will be found as in Prob. 25. It n< 
to show how to find the elevation. 



Taking a. No. 3, as the plan of a point, and a'. No. 1, as 
tiie elsvatiou of the same point, the vertical projeotioa of 
the pcnnt will be found by drawing a line from, a (No. 3) at 
i^ht angles to b i., to meet a line drawn from a' (No. 1) 
parallel to b i,. The point of intersecdon, o", of these lines, 
is the projection of the point. 

For the same reason the projections of each of the points 
Vi a', <!, tC (No. 1) will be in lines drawn frum those points 
parallel to bl; and if we know the horizontal distances 
between the points, we cart readily determine the projection 
f£ the figure. 

Now, the horizontal distance between points o', h', is 
d in plan at No. 2. It is the distance between the 
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lines ah^ hf^ drawn parallel to b l. If, then, we set ofT 
along a c (No. 3), drawn parallel to b l, the length a h equal 
to the distance between these lines, and from h erect a per- 
pendicular to intersect b' h\ drawn from 1/ parallel to b l, we 
obtain i", the projection of h\ Join a" b" ; of' b" is the pro- 
jection of (^ b\ 

In the same manner, if we make a d, b c equal to the 
respective horizontal distances between a", ^, and b\ d (that 
is, the distances between the lines a A, d g^ and bf^ c c), the 
intersections of the perpendiculars from d, c with the lines 
drawn from e?, c\ will give the points, d', c", which, joined 
to a", 5", and to each other, will give of' bf cf> d'^ the elevation 
of the square when its plane is inclined atlSO^ and one side 
at25^ 

The points a, d^ b, c, No. 3, expressing the horizontal 
distances between the points a, b, c, d. No. 2, are obtained 
thus : — ^Draw J9 c at right angles to b l. From the pmnts o^ 
b, c, d (No. 2) draw lines parallel to b l, meeting p c in h^g^ 
/, c, and with c as a centre, and with each of these points 
respectively, as a radius, describe arcs intersecting a c vn- 
a, d, b. 

It will be observed, that No. 4 is what No. 1 would look 
like, when, viewed by a spectator looking in the direction 
of the lines a" a", b" b\ etc. In other words, if the plane 
m n revolve upon m as a hinge, one-£)urth of a revolution, 
we shall obtain No. 4. 

The student will now see the reason why the horusontal 
distances between the points a, &, c, d^ No. 2, are measured 
between the lines drawn from those points pamllel to jbju, 
and not from between lines drawn from the points fit x%ht 
angles to b l. 



GEOMETBY. 129 

. 49. The inclination of a plane is sometimes expressed by 
a fraction, the numerator of which represents the di£Percnce 
of leyel between any two points, while the denominator 
represents the horizontal distance between the same points. 
In any right-angled triangle, the perpendicular represents 
the numerator, and the base the denominator of this fraction. 
Thus, in Fig. 24, if a i = i h\ i.e., if the base equal the 
hdght, the fraction is i, and the angle of inclination is 45"^. 
Again, if a b = 3, and bh' = 1, the fraction is i, that is to 
say, for every unit of level, the horizontals are 3 units apart. 
In the same way, a plane of f will have its horizontals 3-5 
units apart for every unit of level, and so on. The student 
will now imderstand the solution of the following problem. 

PSOBLEM 36. 

Two pickets with their upper extremities on the same level 

and 7 feet apart, stand vertically out of the side of a hilly 

' 6 arid 8 feet respectively. Determine the slope of the hill, and 

gixe the fraction which represents it, scale i-inch to \ft. 

Fig. 69. Construct the right-angled triano-le 

a be, making ab, 1 feet (7 times i- 
inch) ; and a c, 2 feet (2 times J -inch) ; 
c b represents the slope of the hill. 

Now, since ah = 7, and a c = 2, 
the fraction is f , the horizontals being 
3*5 units apart for every imit of level. 

'The drawing is completed by making 
c d, 6 times, and 5 y, 8 times i-inch. 

• 

60. If the plane of a circle is horizontal^ its plan will be 
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a aide eqval to the ariginkl, as shown at 1^. 10. Again, 
if its ^ane is Tertical, the ]^aii will be a straight line equal 
in length to the diameter of the circle. 



If the plane of the circle. Tig. 10, be Tcrtical, its plan 
will be a straight line, as a 5, equal to the ^JiaTOotp^ of the 
circle. The plan of a circle under any other circumstances, 
will be an ellipse, as we shall proceed to show. 

51. Let it be leipiired to draw the plan of the drde 
ah cd, fig. 60, when its plane is inclined at 40^. 



Draw m m, making with b l an angle of 40^. Then by the 
Pig, 50. converse operation to 

that of ** construct- 
ing" a plane (see 
Art 47, Prob. 23), 
transfer the points J, 
a^byiodyOTyb'. The 
diameters db^ ac^d 
the circle are repre- 
sented by if ^, and 
the point of. The 
points d*y afy b*^ the 
plans of if, a', ^, 
found as in Frob. 23, 
are three points in 
the required ellipse. In the same manner, by taking a 




further number of points in the cixcomferenoe of the circle 
a he d, and transferrii^ them to the plane m i», the curvef 
described through the plans of these points, will give the 
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eUipfie, which is the projection of the circle when its plane 
is inclined at 40^ 

It will be better, however, to find the projections of a c, 
d by the diameters of the circle. Now, since the diameter 
represented by a' is horizontal, t.e., since a' represents the 
elevation of a line at right angles to the plane of projection, 
its plan wiU be equal to a c (Prob. 2), and is shown at a" d . 
The plan of the diameter d V will bisect this at right angles, 
and is shown at d' h". 

We have thus foimd a" c', d" b", the transverse and conju- 
gate axis of the ellipse, which will be described as in Prob. 
24, Prae. Geom. 

52. If the right-angled triangle ah c^ Fig. 61, revolve 



Fig. 61. 



upon a 5 as an axis, the hypo- 
tenuse a c will generate a conical 
surface, of which d e <f f h the 
plan, the point a' being the apex. 
The line a c is termed a generator. 
Now, if a number of lines; as a' d, 
a' e, d f^ be drawn from the apex 
to the base of the cone, t.e., to 
the circumference of the circle, 
each of these lines may be con- 
sidered as a generator of the 
conical surface, and will make 
with the base of the cone the same 
angle that a c makes with b l. 



This £sict is independent of the relation of the base of the 
eome to the plane of projection, that is to say, the angles 
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which the generators of the cone make with the plane of 
■pig, 62; *^® base, are the same, 

whether the base of 
the cone is horizontal, 
as in the example be- 
fore us, or inclined, 
as shown in Fig. 62. 
Let a ^ c be. the ele- 

yation of a cone, of 
which the base 5 c is 
inclined at an angle 
cmn. The base of 
the cone will be pro- 
jected in an ellipse, 
which will be obtained 
as in Fig. 60. The 
apex a will be pro- 
jected in the point a' upon c' h', the conjugate axis of the 
ellipse, produced. 

Upon the surface of the cone, draw any line sa a d, and 
let this line represent a section plane (that is to say, a plane 
cutting the cone), at right angles to the vertical plane (See 
Prob. 29). The section produced by this plane is represented 
in plan by the triangle a' d^ d". The generator o c is pro- 
jected in a' c\ Now, each of the lines a' d', a' c\ a' d% which 
may be considered as generators, makes with the base of the 
cone, i.e., with the plane of the ellipse, the same angle, viz., 
the angle a h c or a c b. In the same manner, if any further 
number of lines be drawn from the apex a' to the circumfer- 
ence of the ellipse, each of these lines will make the same 
angle with the plape of the base of the cone. 
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The student will now be able to solve the following 
problem. 

Pbob'lem 37. 

To draw a line through a given point to make a given angle 
with a given plane, hut to he parallel to another given plane. 

Let a (See Fig. 62) be the given point, and cm, mm' ; 
* y* y y' the traces of the given planes. Make a the apex of 
a right * cone, of which the generators ah, a c make with 
c m the angle, which the required line is to make with 
c m. Through a draw a d parallel to x y, meeting c m 
in d. Determine the horizontal projection of the base of 
the cone, and the apex a. Now, taking a e? as a plane 
catting the cone, we obtain the points d, d', where this plane 
cuts the base of the cone. Join a' d, ai d" ; then a' d, a' d" 
are two lines drawn through the given point, parallel to the 
plane x y^y y', and make with c m,,m, m' a given angle. 

It will be observed, that the plane a d cuts the plane c m 
in a line, which is shown in plan at n d. Now, since n d \& 
a horizontal of the plane containing a! d, a' d'\ and since 
this plane is parallel to the given plane x y, y %f, the lines 
themselves are also parallel to this plane ; and as they are 
generators of the conical surface, they make with the plane 
of the base the given angle ah c or a c h. 



* A cone is said to be right when its axis is at right angles to the 
plane of its base ; and oblique when its axis is inclined to the plane of 
its base. 
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Ohs. 1°. There is a limit to the conditions of the problem. 
The angle contained by the two planes (the angle m x y), 
cannot be less than the angle (the angle a ch or ah c)y which 
the required line is to make with the given plane (c m, m m'). 
If the two angles are equals only one line can be drawn ; if 
the angle contained by the planes is greater^ two lines can be 
drawn, as shown in the figure. 

Ohs. 2°. It is not strictly necessary, in the solution of the 
problem, to determine the ellipse which is the plan of the 
base of the cone. To draw an ellipse neatly is by no means 
an easy operation, and where accuracy can be attained with- 
out it, it will be advisable to dispense with it. 

(a) The problem, then, may be solved thus : — ^It will be 
observed, that the solution consists in finding the points 
c^, df'. Now, the transverse axis of the ellipse, which is the 
projection of the base of the cone, will be equal to the 
original diameter of the circle, as has been explained (51). 
Thus, the plan of the diameter represented by o, will be 
equal in length to the original ; and if a number of ordinates 
be taken in the base of the cone parallel to this diameter, 
each ordinate wiU be shown in plan equal in length, to the 
original. Now, we want to find the length of the ordinate 
represented by d^ that is to say, we want to find the distance 
between the two points in which the plane a d cuts the 
circle whicb is the base of the cone. With centre o, and 
radius oh or oc, describe a semi- circle (we have shown only 
a part of this semi-circle in the figure). From d, draw d g dX 
right angles to c m, meeting the circumference of the semi- 
circle in y. From A, where the vertical from d intersect? 
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ii if, wt off h i,h d', each equal to d g ; if d' ia the ordinate 
ezpresBod b; d. Joia a' if , a* <^' ; o' if , a* if ' ore the lines 
vhich fhlfil tbe ccmditions of the problem. 



Obi. 3". By a mo- 
dification of the con- 
struction explainetl at 
(a), Ois. 2", the prob- 
lem may alw be 
solved thus: — "Con- 
stmot" the plane cm, 
Fig. 63, with the base 
of the cone, and the 
line in which the 
plane ad cuts the base. 
Ibis line is shown 
at y A in the base 
of the cone " con- 
Btruoted," and its 
projection is if d: The points d, di; joined to o', tbe pUn 
of the apex of tbe cone, give the lines required. 




63. If a plane pass over the surface of a right cone, it 
will cat the base in a strugbt line, which is a tangent to the 
circle, representing the plan of the base. If the base of the 
oone is sitoated in a horizontal plane, this tangent will be 
the horizontal trace of a plane, whose inclination is equal to 
that of the generator of the conical surface. In other words, 
if any circle whose plane is horizontal, he token, with its 
centre, as the plan of a r^ht cone, a tangent to any point of 
tike oinde wiU be the trace of a plane whose inclination is 
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eqaal t^ that, wliicli the generator makes with the plane of 
the base. If at the point d (See Fig. 61) a line be drawn 
a tangent to the circle d e <f/j this line will be "the trace 
of a plane whose inclination is expressed by the angle 
a c b. The generator of d, at right %ngles to this tangent, 
is the line on the oonical surface over which the tangent 
plane passes. 

Now, this line, a' d as referred to the tangent plane, is the 
same as di^ Fig. 26, Prob. 14, and alluded to at Ohs. 2°, of 
the same problem. In fact, the principles just enunciated are 

« 

employed in the construction shown at Fig. 26, and in several 
of the subsequent figures. 

The line h «, Fig. 26, tangential to the base of the cone 
whose generator is a c, is the horizontal trace of a plane 
inclined at an angle a c d, and containing the line d A. 

By a modification of Prob. 14, we are now enabled to solve 
the following problem. 



Pkob.lem 38. 

Required a plane which shall make a given angle with a given 
plane, and contain a line not lying in the given plane. 

It will be observed, that, in this problem, we have to do 
with the given plane, what is done at Prob. 14, Fig. 26, 
with the horizontal plane. 

liGt mm^mnt! be the traces of the given plane ; and a h; 
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^J«- ^*- a' h\ the plan and eleva- 

tion of the given line. 
Make any point a', in a' h\ 
the apex of a right cone, 
having its base in m m, 
the generator a^ c or a' d 
making with m m the 
angle; which the required 
plane is to make with it. 
Now, the given line 
intersects mm in h\ 
" Construct " the given 
plane with the base of 
the cone, and the point 
h\ We thus obtain the 
circle, and the pointy. 
From / draw ^/a tangent to the circle, touching it at/. 
From/ draw/ A, and transfer A to o. Find o' the plan of o, 
and join o' b; o' h will be a tangent to the base of the cone, 
when its base is situated in .the plane mm^m m\ and, as has 
been explained, this tangent will represent a plane passing 
over the surface of the cone, and having the same inclination 
as that which the generator of the conical surface makes with 
the given plane. It will be observed, that we have also 
shown the construction by means of the ellipse, which is the 
projection, on the given plane, of the base of the cone. 




Ohs, There is a limit to the conditions of the problem. 
The given line cannot make with the given plane a greater 
angle than the required plane is to make with it. (See 
Oba. 1% Prob. 14.) 
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EXAMPLES. 



Note. Thoiie questions marked with an asterisk (*) are taken from 
the Reports on the Military Examinations. 



1. A line in plan measures 1 ineli, the indices of its 
extremities being 8 and 3 inches; find the real length of 
the line, and its inclination to the plane of projection. 
Scale i-inch to 1 inch. 

Make a h^ Fig. 24, 1 inch long. Draw the projector h h' 
at right angles to a 5, and make it 5 inches (8-3), the 
difference of the indices of the extremities of the line, and 
join a If, Since the scale is i-inch to 1 inch, h h' will b^ 
made 5 times i-inch = li inches, or 1*25 inches. 

The real length of the line is a h\ and its inclination to 
the plane of projection is expressed by the angle h' a h. 

The same result would be obtained by drawing projectors 
from a, 5, and setting off upon them, 3 times and 8 times 
i-inch respectively. For an explanation of the principle 
involved in the foregoing solutions, see Art. 38. 

2. (1) Draw a plane inclined at 50°, and in it place a line 
inclined at 39°. (2) Draw a second line in the plane, at an 
angle of 60° with the first line, and find the real angle 
contained by the lines. 

For the solution of (1) See Prob. 14, Fig. 26. (2) Assuming 

dhvA the line inclined at 39°, from any point in it, as dy 

draw a line as d t, making the angle h d », 60°. Then, taking 
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this line as lying in the plane, and meeting the first line d h 
in d^ find the real magnitude of the angle hdihj Prob. 23. 

3. Draw a plane inclined at 60°, and a perpendicular to it 
1 inch long ; through the extremity of the perpendicular* 
draw a line inclined at 40% and parallel to the given plane. 
(Prob. 22.) 

4.* The observed angle from a point a to two points, b, c, 
of which the measured altitudes above the horizon from the 
same point are 30° and 35° respectively, is 45°. Construct 
the horizontal angle between the lines a b, a c. (Prob. 30.) 

5.* From a point a, the angles between points b and c, 
and c and d, were observed to be 40° and 55°, the lines 
joining b, c, and c, d, being 1200 and 1500 yards long 
respectively, and forming at c on the side nearest a, an 
angle of 155°. Find the point a. Scale 600 yards to 1 
inch. (Prob. 18.) 

6. Draw the plan of an irregular five-sided figure, when 
its plane is inclined at 50°, and a line joining any two of its 
opposite angles at 38°. (Prob. 25, Case (a).) 

7. (1) Draw the plan of an isosceles triangle, when its 
base and one side are inclined at 40° and 30° respectively. 
(2) Circumscribe the triangle by a circle, and find the plan 
of the circle. Side of triangle 1*2 inch, and included 
angle 50°. (Prob. 24. The plan of the circle will be an 
ellipse.) 

8. Upon a line 1 inch long, construot a regular pentagon 
ABODE, and, from its centre o, draw a line at right angles 
to one of its sides, as cd, intersecting it in a; draw the 
plan of the pentagon, when the extremity p, of a line o f, 
1*4 inch long, and at right angles to the plane of the 
pentagon, is situated vertically above a. 

Draw B I. at right angles to d c produced, cutting it in 7. 
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Parallel to d f, draw o p, catting b l in o", and make o' f 
equal to 1*4 inch. Now, the plane in which the pentagon is 
to lie will revolve upon the horizontal d f. Therefore, from 
centre f, and with radius f f, describe an arc, cutting d f 
produced, in a. From centre e, and with radius o' f, 
describe an arc. A line drawn from f tangential to this arc, 
will be the elevation of the plane containing the pentagon, 
the plan of which will be found as in Prob. 24. 

9. Produce o a (See last question) to b, making o by 
1 inch, and draw the plan of the pentagon,^ when p is 
situated vertically above h. 

10.* Show, by its traced or by horizontal contours i-inch 
vertically apart, a plane inclined at 55° to the horizon. In 
this plane draw a line inclined 32° to the horizon, and 
another line also in the plane making an angle of 82° with 
the first line (Prob. 14, Fig. 26, and (c), Prob. 23). 

11. The extremities c, d of two pickets, stand vertically 
out of the ground, which is horizontal, 8 and 5 feet re- 
spectively ; express, by means of a fraction, the inclination 
of the plane in which c, d are situated, the distance between 
the pickets being 6 feet. Scale -^ (Prob. 36). 

12.* The plans of two lines contain an angle of 80°, the 
lines being inclined to the horizon at angles of 50° and 35° ; 
determine the real angle contained by the lines and also the 
inclination of the plane in which they lie. Through the line 
inclined at 35°, draw a plane (represented as in question 10) 
making an angle 75° with the plane containing the two lines. 
(See (b), Fig. 43, Prob. 23, also Prob. 27, Case (^).) 

13. Take a line 3 inches long and divide into 7 equal 

parts. Assuming the line to represent the scale of a plane, 

draw its elevation, and determine its inclination, when it 

revolves upon the horizontal drawn through 2, the indices of 
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the extremities of the line being and 7 inches. Scale for 
the indices i. 

B I. in this case will be a line of level, and the question 
wiU be solved by reference to Fig. 24, ProK 16, and Fig. 32. 

14.* A square of 2*3 inches side, the plane of which is 
inclined at 47°, has one side inclined at 26° to the horizon. 
Draw the plan of the square (Prob. 25). 

15. Two lines ab,hc, measuring 2*5 and 1*4 inch re- 
spectively, contain an angle abc of 110°. Taking these 
lines as the scales of two planes, draw the plan of the planes, 
when the indices of a, b, c are 4, 10, and 6 feet. Scale for 
the indices ^ (Prob. 16). • 

16. Find the inclinations of the two planes, and also that 
of their common intersection, in the last question (Prob. 1 5). 

1 7.* Draw the plan of an isosceles triangle having a base 
of li inch and sides of 2i-inches, the triangle being so 
placed that the base is inclined 23°, and the line joining one 
end of the base and the centre of the opposite side 51° to the 
horizon (Prob. 24). 

18. Draw the plan of the planes in Question 15, when the 
indices of a, b, c are 8, 0, and 6 feet respectively. 

Obs» In Question 15, the planes form a ridge, while in 18 
they form a furrow. (See Obs. 2°, Prob. 16.) 

19. A line a d, drawn from the vertex a of an equilateral 
triangle a be, at right angles to the base b c, measures in plan 
1*4 inches; determine the index of a, when the index of 
each of the points b, e, is zero. Side of triangle 2 inches. 

Construct an equilateral triangle abc, and draw a d oi 
right angles to the base 5 c. Next, make a b, see Fig. 50, 
Prob. 34, Prac. Geom., equal 1*4 inches, and from b as a 
centre, describe an arc with a radius equal to a d, intersect- 
ing A c, drawn at right angles to a b, in o. The line a c 
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expresses the height of a above 5, c, and, therefore, above the 
j^Ume of projection, and it win be found to measure 1 inch, 
that is to 81^, the index of a is 1 ineh. 

20.* The horizontal poEogection of a line is 6 feet long and 
inclined to the axis or line of level at an angle of 30° ; the 
vertical projection meets the axis at an angle of 20°. Con- 
struct the length of the line on a scale of -^ (Prob. 11). 

21.* The index of one end of a line is 3 feet, of the other 
8 feet, and the length of the line is 10 feet. Construct its 
angle of inclination with the horizon. Scale 1-inch to 1 
foot. (Fig. 24.) 

22. Determine the inclination of a plane containing three 
points, a, h, c, whose indices are 7, 5, and 3 feet respectively. 
Scale J-inch to 1 foot. (Prob. 15.) 

23.* Find the intersection of two planes inclined at 30° 
and 54° to the horizon, when the projections of their hori- 
zontal lines are parallel. 

24.* Draw a line inclined at 35° to the horizon, and 
through it draw a plane inclined at 58°, and in the latter 
place a line making an angle of 30° with the first line. 
(Prob. 14, and (c), Prob. 23.) 

25.* Draw a plane inclined 42° to the horizon, and a 
perpendicular to it 2 inches long ; through the perpendicular 
draw a plane making an angle of 55° with the horizon, and 
find by construction the dihedral angle contained by the two 
planes. (Probs. 34 and 27.) 

The second plane containing a c. Fig. 57, may be deter- 
mined as in Prob. 14, that is, without finding c^ c^, and th^ 
line in which it intersects the first plane, as in Prob. 12. 

26.* The scales of two planes are parallel, the given 
pordoR of each is 2 inches long, and one is divided from 10 
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to 40, tbe otber from to 60. Find the intersection of tlie 
planes. See Frob. 16, Fig. 32. 

Divide one scale into 3 equal parts, and the other into 6 
equal parts, the difference of level of each point of division 
being 10 units. Find the elevation of the scales as shown at 
Fig. 32 ; and the point in which they intersect will be the 
elevation of the planes' intersection. 

27.* Construct the plan of a square of 2 inches side, 
resting on a plane inclined at 50° to the horizon, one of the 
sides being inclined at an angle of 35° to the horizon. 
(Frob. 25.) 

28.* An equilateral triangle of 3 inches side, rests on one 
angle, and has the sides adjoining this angle inclined at 20° 
and 30° respectively to the horizon; construct its plan. 
(Frob. 24.) 

29* Draw a plane inclined at 60° to the horizon ; in this 
plane place a straight line inclined at 46° to the horizon. 
From any point in this line erect a perpendicular to the plane 
2 inches long. (Frobs. 14 and 34.) 

30.* If two straight lines are parallel their plans are 
parallel. Frove this, and point out in what case the plan of 
an angle is equal to the original angle, and whether it is 
otherwise greater or less. (Art. 44, Fig. 38.) 

If the plane of an angle is horizontal, its plan will be equal 
to the originaL If the plane of the angle is inclined, its 
plan may be either greater or less than the original. 

If the Une b" d^ Fig. 42, dividing the angle w h" c" into 
two parts, be at right angles to the horizontals of the plane 
in which the given angle is to lie, the plan of the angle 
(a b c) will be greater than the original angle. 

Again, if in the triangle a" h" cf'j the line h" d be parallel to 
th6 horizontals of the plane in which the angle is to lie, the 
plan of the angle will be less than the original. A 
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31.* The horizontal distances between 4 contours, cutting 
a straight road, on a plan drawn on a scale of 10 inches to 
1 mile, are 2*5, 5, and 2 inches respectively, and the contours 
were taken in the field at 25 feet vertical intervals. 

Draw the section of the road, showing the horizontal 
distances on the same scale as that of the plan, and the 
vertical distances on a scale of 40 feet to an inch (Prob. 29). 

32.* Draw 6 lines, each 7 inches long, and i-inch apart. 
Suppose these lines to represent the contours of a hill-side 
at vertical intervals of 5 feet, drawn to a scale of — A-o' 
Represent in plan on the hill- side a road 18 feet wide 
inclined to the horizon at a slope of. aV 

For the solution of the first part of the question, see 
Prob. 29. Next, construct a right-angled triangle of which 
the base is 30 times the perpendicular (49). Place the base 
of this triangle between the horizontals of the plane (ex- 
pressing the inclination of the hill) having the same indices. 
"Construct" the plane with this line. Parallel to the line 
" constructed," draw a second line at a distance of 18 feet, 
The rest of the construction will be as shown at Prob. 23. 
Art. 47. 

33. Draw the plan and elevation of an equilateral triangle 
when its plane is inclined at 40°, and one side at 36° 
(Prob. 35). 

34. A plane is inclined at 40° to the horizon ; determine 
a plane which shall make an angle of 60° with the first 
plane, and to contain a line inclined to the given plane at an 
angle of 45° (Prob. 38). 

35.* Draw a plane making an angle of 42° with another 
inclined at 50° to the horizon, and passing through a line not 
in the given plane, inclined at 30° to the horizon (Prob. 38). 

36.* A plane inclined at 60° to the horizon makes wiA 
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another plane an angle of 70°, the interaection of the two 
planes being inclined at 412° ; find the inclination, or the 
scale, of the second plane (Prob. 27, Case (&)). 

37. To draw a line through a given point to make an angle 
of 60^ with a plane inclined, at 50^ and to be parallel to 
another plane inclined at 40° (Prob. 37). 

38.* Find the angle contained between two planes, when 
the angle between their scales is 65°, and lengths of two 
inches on the scales contain 5 and 7 divisions respectively 
(Probs. 16, 27). 

39.* (.1) An equilateral triangle with a side of 2*2 inches 
has two of its sides inclined 25° and 40° to the horizon ; 
draw its plan. 

(2) Determine the inclination to the horizon of the plane 
m which the triangle lies. 

(3) Draw the plan of the circle circumscribing the 
triangle (Prob. 24). 
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